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Abstract 



We consider a family of self- adjoint operators 

H U = -A + XV U , cu G n = X K, 

kei, d 

on the Hilbert space £ 2 (Z d ) or L 2 (M. d ). Here A denotes the Laplace operator 
(discrete or continuous), V u is a multiplication operator given by the function 

V u (x) = u ku( x - k ) on z<i > or V u (x) = Y u kU(x - k) on R d , 

and A > is a real parameter modeling the strength of the disorder present 
in the model. The functions u : 7L d — > H. and U : M. d — > R are called single- 
site potential. Moreover, there is a probability measure P on Q modeling the 
distribution of the individual configurations u G Q. The measure P = rifcez d A* ^ s 
a product measure where \i is some probability measure on M satisfying certain 
regularity assumptions. The operator on L 2 (M. d ) is called alloy-type model, and 
its analogue on £ 2 (Z d ) discrete alloy-type model. 

In the pioneer work [And58], Anderson argued that the solution of the Schro- 
dinger equation according to the operator H u , the so called wave function, be- 
comes localized in space if the disorder is large enough. This phenomenon of 
localization manifests itself in the sense that there are intervals / cl such that 
the continuous spectrum of H u in I is empty for P-almost all u e and the cor- 
responding eigenfunctions decay exponentially, called exponential localization 
or Anderson localization. 

There are two methods to prove exponential localization in multidimensional 
space, the multiscale analysis and the fractional moment method. However, 
both methods strongly rely on the property that the operator H w depends (in the 
sense of quadratic forms) monotonically on the random parameters Uk, k G 7L d . 
This is for instance the case if the single-site potential is non-negative. 

This thesis refines the methods in the case where the single-site potential is 
allowed to change its sign. In particular, we develop the fractional moment 
method and prove exponential localization for the discrete alloy-type model in 
the case where the support of u is finite and u has fixed sign at the boundary of 
its support. We also prove a Wegner estimate for the discrete alloy-type model in 
the case of exponentially decaying but not necessarily finitely supported single- 
site potentials. This Wegner estimate is applicable for a proof of localization via 
multiscale analysis. In an appendix we prove a Wegner estimate for the alloy- 
type model if the single-site potential is a so-called generalized step-function. 
Moreover, we show for the alloy-type model that the typical fractional moment 
decay implies localization under minimal assumptions on the measure P in the 
case where U has bounded support. 
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Chapter 1 
Introduction 



In this chapter we lead the reader to the topic of localization theory for random 
Schrodinger operators. In a first section we introduce very basic mathemati- 
cal concepts of quantum mechanics developed in the 1920 's, which is used to 
model the time-evolution of atomic particles like electrons. The time-evolution 
of an electron moving under the influence of a static electric potential is gov- 
erned by a self-adjoint operator in some Hilbert space and the associated time- 
dependent Schrodinger equation, introduced in 1926 by E. Schrodinger [Sch26]. 
The spectrum of this operator gives insights into the asymptotic behavior of the 
time-evolution of the atomic particle as discussed in Section 1.1. 

In Section 1.2 we will introduce the concept and examples of ergodic random 
operators. They are for instance used to model the time-evolution of an elec- 
tron under the influence of a random electric potential. The application one 
should have in mind is a disordered solid; each configuration of the randomness 
corresponds to a possible realization of the random medium. 

In the pioneer work [And58], Anderson argued that the solution of the Schro- 
dinger equation (called wave function) becomes localized in space in certain 
randomness/energy regions if one considers random operators. The medium has 
lost its transport properties when compared to ideal crystals. This phenomenon 
of localization for random operators manifests itself in the fact that either the 
spectrum of the considered random operator is only of pure point type in some 
energy region (spectral localization), or that the wave function (corresponding 
to some energy interval) stays trapped in a finite region of space for all time 
(dynamical localization). Localization for random operators will be defined in 
Section 1.3 and the main matter of this thesis is to investigate when localization 
occurs. 

Section 1.4 is devoted to a discussion of the existing methods to prove lo- 
calization for random operators. Beside some methods only available in the 
one-dimensional setting, there are exactly two methods to prove localization for 
random operators: the multiscale analysis and the fractional moment method. 
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At the end of Section 1.4 we explain the structure of this thesis. 

1.1. Some mathematical foundations of quantum mechanics 

In quantum mechanics (Schrodinger picture), the state of an electron moving in 
rf-dimensional space M. d is described by a complex valued function if) : M. d x R — > 
C,tp(x,t) — if)(xi, . . . , Xd, t), called the wave function, where x G M. d corresponds 
to a point in space and t corresponds to the time variable. The quantity t)\ 2 
is interpreted as the probability density of the particles location at time t. For 
this reason it is reasonable to assume that ip{-,t) is an element of L 2 (M. d ) with 
IIVK'jOIU 2 = 1 f° r & U ^ G 1R. For measurable sets A C M. d , the number 

/ mx,t)\ 2 dx 

J A 

is interpreted as the probability of finding the particle in A at time t. Note 
that in contrast to classical mechanics, the particle is not localized at a certain 
point in space, rather it is spread in space according to the probability density 

m-,t)\ 2 . 

Given an initial state ipo £ L 2 (M. d ) with ||t/>o||l 2 — 1> the time evolution of the 
wave function is governed by the time-dependent Schrodinger equation 

m_^(.,i) = -_A^(.,i) + ^(.,i), V(-,0) = Vo, (1.1) 

where m denotes the mass of the particle, h — h/ (2ir), A is the Laplace operator 
on L 2 (M. d ) and V is the multiplication operator on L 2 (M. d ) by the (classical) 
potential energy. Here h denotes the Planck constant. The operator H = 
— (h 2 /2m)A + V from Eq. (1.1) is called Schrodinger operator. For the analysis 
of the Schrodinger equation the constants m and h are irrelevant. On this 
account we set h/(2m) to one for the rest of this thesis. Under some mild 
regularity properties on the potential V the Schrodinger operator H is self- 
adjoint on a certain dense domain of L 2 (M. d ), see e.g. [RS80a], which we always 
assume. Hence, by the spectral theorem, the problem from Eq. (1.1) has the 
unique solution 

iP(-,t) = e- itH ^. (1.2) 

Figure 1.1 shows a thinkable example for the time evolution of the squared 
wave function, i.e. of the probability density of the position of the electron. 
Given a self-adjoint operator H, the solution of the Schrodinger equation has a 
very complicated structure. However, it turns out that the (time)-asymptotic 
behaviour of the wave function has something to do with spectral properties 
of the operator H. This is formulated in the so-called RAGE-theorem, see 
Theorem 1.1 below. 
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Figure 1.1.: Illustration of the time evolution of the wave function 



Let H be a self-adjoint operator on some Hilbert space H. For ip e H we 
denote by ji^ the spectral measure and define the absolutely continuous, singular 
continuous and the pure point subspace of H by 

%ac = 'Ha.c(H) — {ip G T-L | /i^p is absolutely continuous}, 
"Hsc = Hsc(H) = {ip G "H | is singularly continuous}, 
^pp = Hpp(H) = ^ | /x^ is pure point}, 

see e.g. [Tes09] for more details. We also define the continuous subspace by 
He — / H ac ®'H sc . The subspaces "H., • e {ac, sc,pp} reduce H [WeiOOa, WeiOOb], 
and the absolutely continuous, singular continuous and pure point spectrum of 
H are defined by 

a ac (H) = a(H\ n J, a sc {H) = a{H\ Usc ) and a pp (H) = a(H\ n J. 

The continuous spectrum of is defined by a c (H) = a ac (H) Ua sc (H). It follows 
from these definitions that 

T-L = "H ac © "H sc © "^pp 

and hence a(H) = cr ac (H) U a sc (H) U a pp (H). Note that a pp (H) is not the 
set of all eigenvalues of /J, but its closure. The introduced decomposition of 
the Hilbert space and the spectrum has a physical interpretation. Roughly 
speaking, if the initial state ipo is an element of "H pp , then the wave function 
given by Eq. (1.2) (and so the particle) will stay in a compact region of space 
for all time. On the other hand, if ip e T-L c , then the wave function will leave 
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any compact set in space in the average of time. This is formulated precisely in 
the so-called RAGE-theorem, named after D. Ruelle [Rue69], W. Amrein and 
V. Georgescu [AG 73], and V. Enss [Ens78]. For a proof of the RAGE-Theorem 
we refer the reader to the books [Tes09, WeiOOb]. 

Theorem 1.1 (RAGE). Let H be a self- adjoint operator in some Hilbert space 
H. Suppose K n , n G N, is a sequence of bounded linear operators in % which 
converges strongly to the identity and assume that for each n, K n is relatively 
compact with respect to H . Then 

U c ={^eU\ lim lim i I \\K n e- itH ^\\dt = oj, (1.3) 

L n^oo T-¥oo T Jq J 

% vp = Ue% \ lim sup||(l - K n )e- [tH ^\\ = o). 

Moreover, if ip G "H ac , then for any n G N we have 

lim || K n e- itH if; \\ = 0. 

Recall, an operator K on T-L is called relatively compact with respect to an 
operator H on % if K(H — z)^ 1 is compact for one z G p{H). 

Let us again consider our quantum mechanical particle (electron) moving in 
]R d under the influence of the potential V . The time evolution of the particle is 
governed by the Schrodinger equation with the operator H = —A + V acting in 
H = L 2 (R d ). We assume that V is relatively bounded with respect to A with 
relative bound smaller than one. As a consequence we have that Xk{H — z)^ 1 
is compact for any compact K C ~R d , see e.g. [WeiOOb]. The RAGE-Theorem 
tells us, if ipo G "Hpp, then for any e > there exists a compact set K e C M. d , 
such that 

/ \(e- itH ip )(x)\ 2 dx > 1 - e Vt > 0. (1.4) 

JK e 

This means that the probability of finding the particle in K e stays larger or 
equal to 1 — e for all t; the particle is localized! In the special case cr c (H) = 
we have H = H pp , and thus the assertion (1.4) holds true for all initial states 
ipo G H. In contrast to that, if ipo G "H ac , we have for all compact sets K CW 1 
that 

/ \(e- itH i> )(x)\ 2 dx -)• ast^cx). (1.5) 
Jk 

The probability of finding the particle in K tends to zero as time tends to 
infinity; the particle is delocalizedl For i/j G T-L c the particle leaves any compact 
set in time mean as Eq. (1.3) shows. For this reason, elements of the set "H pp 
are called bound states and elements of the set % c are called scattering states 
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in time mean, and the set of initial states ipo G H for which Eq. (1.5) holds are 
called scattering states. Hence, "H ac is a subset of the scattering states. Let us 
end this section with the classical example, the hydrogen atom. 

Example 1.2 (Hydrogen atom). The hydrogen atom consists of one proton 
and one electron in R 3 . For simplicity we assume that the proton sits at the 
origin and the electron moves under the influence of the Coulomb potential. 
The corresponding Schrodinger operator is H = —A + V on L 2 (IR 3 ), where A 
is the Laplace operator and V is the multiplication operator by the function 
V(x) = —C/\x\ with some constant C. The spectrum of H consists of eigenval- 
ues (belonging to the pure point part) E n = —c/n 2 , n G N, with some constant 
c, and absolutely continuous spectrum in the interval [0, oo). The negative eigen- 
values correspond to bound states. Electrons in these states will stay in a finite 
region around the proton for all time, the so-called orbitals. Electrons in states 
belonging to the absolutely continuous subspace correspond to scattering states, 
they are called free electrons and will leave any finite region in space if time 
tends to infinity. 

1.2. Random operators 

The amount of literature on random operators is huge, see [CL90, PF92] and 
the references therein. In this section we introduce only some idea of random 
operators, and in doing so we sometimes follow the line of reasoning of the 
introductions of [Kle08, His08]. 

A strong form of idealization in solid state physics is to deal with ideal crystals 
in the so called one-electron approximation. In order to model the electronic 
properties of such a crystal one considers one electron moving in a periodic 
lattice of atoms. The potential of the corresponding Schrodinger operator H per 
would be a periodic function. Under some mild regularity assumption on the pe- 
riodic potential, it is known that H per has only absolutely continuous spectrum, 
see e.g. [RS80b]. By the RAGE-theorem, the underlying Hilbert space consists 
only of scattering states, and the crystal may have good transport properties. 

However, real materials will have distortions (e.g. dislocations, vacancies, pres- 
ence of impurity atoms) which may be assumed to be randomly distributed 
through the material. Their modeling leads to the study of a family of self- 
adjoint operators H w , u> G Q, where each configuration u> corresponds to one 
individual realization of the (random) medium. One assumes additionally that 
these configurations are distributed according to a measure P on the space Q of 
all possible configurations. It turns out that random operators modeling disor- 
dered systems obey a different behavior, namely the phenomenon of localization, 
than periodic operators modeling periodic systems. This will be discussed in 
the next section. Here we consider some examples of random operators. 
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The simplest model that describes the time-evolution of a single electron in a 
random environment is the Anderson model [And58], named after P. W. Ander- 
son who won (together with S. N. F. Mott and J. van Vleck) the Nobel Prize for 
his investigations of the electronic structure of magnetic and disordered systems. 
First we define the probability space Q = x fcGZ dIR equipped with the a-algebra 
generated by the cylinder sets and the product measure P = Ylkez d v -> where 
v is some probability measure on 1R. with bounded support. Hence, the projec- 
tions Q 3 oj = {oJk)k& d ^ w j) 3 £ 7L d i gi ve rise to a collection of independent 
identically distributed bounded real random variables. The Anderson model is 
given by the family of self-adjoint operators H A , uj G Q, on £ 2 {Z d ) defined by 

H A = —A + XV A 

with A > 0. Here A : £ 2 {Z d ) — > £ 2 {Z d ) denotes the discrete Laplacian and 
V u : £ 2 (Z d ) — y £ 2 (Z d ) is a multiplication operator. They are defined by 

(A^)(x)= ^V) and (V*i/>)(x)=u x i/>(x). 

\y-x\i=l 

The parameter A measures the strength of the interaction and hence is a mea- 
sure of the disorder present in the model. Notice that the Anderson model 
is defined on the Hilbert space £ 2 {Z d ). However, we introduced the basic con- 
cept of quantum mechanics in L 2 {R d ) in Section 1.1. But all the consider- 
ations of Section 1.1 hold true also for the discrete setting, with the wave 
function replaced by a function if) : Z d x K. — y C and consequently some 
integrals replaced by sums. The Anderson model has been studied, e.g., in 
[FS83, FMSS85, vDK89, AM93, Aiz94, Gra94, HunOO, ASFH01]. 

A second example for a random operator modeling one electron in a random 
environment is the alloy-type model. This is the family of self-adjoint operators 
H%, u e Q, on L 2 (R d ) defined by H% = -A + V + V®, where A denotes the 
Laplace operator, Vq is some Z d -periodic potential and is the multiplication 
operator by the function 

V^(x) = J2^U(x-k). 

kez d 

The function U : R d — y R is called single-site potential. Physically one can 
think of a lattice of atoms sitting at the lattice sites of Z d , each atom at k G Z d 
producing the electric potential U(- — k) in space. One then assumes that the 
electron at x G M. d couples differently strong to the single-site potentials of 
different atoms. The alloy-type model is defined precisely in Section B.l. The 
case where the single-site potential is non-negative has been studied in a number 
of articles, e.g. [CH94, KSS98, GK01, DS01, AEN+06]. 
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As a third example we refer to a discrete analogue of the alloy-type model, 
the discrete alloy-type model. This model will be in the focus of this thesis and 
we will introduce it in Section 2.1. Let us emphasize that in the discrete alloy- 
type model, as well as in the alloy-type model, one distinguishes the case where 
the single-site potential is non-negative (monotone case) and the case where 
it is sign- indefinite (non-monotone case). In the monotone case, the quadratic 
form corresponding to the operator depends in a monotonic way on the ran- 
dom parameters. The existing proofs of localization for such random operators 
strongly rely on this fact. The no n- monotone case requires new methods and 
has for example been studied in [Klo95, HK02, Klo02, Ves02, KV06, KN09, 
VeslOa, VeslOb, ETV10, ETV11, PTV11, Kriil2]. The focus of this thesis is to 
develop the fractional moment method and a proof for the Wegner estimate for 
the discrete alloy-type model with sign-changing single-site potential. 

A fourth example for a random Schrodinger operator is the so-called random 
displacement model. This is the Schrodinger operator 

H B = -A + V D 

on L 2 (IR d ) where the random potential is of the form 

The random variables k G Z d are assumed to be independent and identically 
distributed random variables with values in M. d and U : M. d — > R is some single- 
site potential. This potential models a random perturbation from the periodic 
potential J2k& d U(- — k) where the atoms are displaced randomly. Therefore one 
also speaks of structural disorder. Similarly to the alloy-type model (discrete 
and continuous) with sign-changing single-site potential, the random displace- 
ment model does not have any obvious monotonicity properties with respect to 
the random parameters. But it is just such a monotonicity property which is 
frequently used in the proofs of localization! The random displacement model 
has been studied, e.g., in [BLS09, KLNS12b, KLNS12a]. 

There are more models modeling properties of disordered media. We refer 
to [Kle08] where the most prominent models are introduced, and the references 
therein for a deeper insight into these models. 

As the random operators introduced above model the quantum mechanical 
behavior of a single electron in a disordered solid, we are not interested in 
properties of the electron for one single configuration of the randomness. Rather 
we are interested in properties which hold for almost all configurations u G f2. 
One fundamental example for such a property is the spectrum. To be precise, 
let us note that all models introduced above share the property that they are 
ergodic random operators in the following sense. 
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Definition 1.3. An ergodic random operator is a Z d -ergodic measurable map 
ui \—> A w from a probability space (Q, J 7 , P) to the set of all self-adjoint operators 
on either L 2 (R d ) or £ 2 (Z d ). 

To explain the notion of measurability of such operator valued functions let 
E L0 (X) be the corresponding resolution of identity. One calls a map u (->■ 
from a probability space (Q, J 7 , P) to the set of all self-adjoint operators on either 
L 2 (M. d ) or £ 2 (Z d ) measurable if the function u (-> E^(X) is weakly measurable 
for each Ael. Such a map is called Z d -ergodic if there is a family {Tj} ieZ d of 
measure-preserving transformations and unitary operators {Ui} ieZ d such that 

for all i E Z d . For details we refer the reader to [KM82, CL90]. A consequence 
of this ergodicity property is that the spectrum is a deterministic set. 

Theorem 1.4. Let (Aj)wen be an ergodic random operator. Then there are sets 
£, S pp , £ c , £ ac , S sc C M,, such that for almost all u e Q we have 

a{A UJ ) = S, and o-,(A u ) — E., • G {pp, c, ac, sc}. 

The set S is called almost sure or deterministic spectrum of (A^^en- 

The proof of this theorem goes back to [Pas80, KS80] where operators on 
£ 2 (Z d ) were considered, and to [KM82] where the extension to each part of the 
spectrum and general random self-adjoint operators was achieved. 

1.3. Phenomenon of localization 

Once we know that ergodic random operators have almost surely a deterministic 
spectrum (and also non-random components), we can ask for the spectral types. 
As already discussed, periodic Schrodinger operators modeling ideal crystals 
have purely absolutely continuous spectrum. By the RAGE theorem the wave 
function leaves every compact region in space if time tends to infinity. The wave 
function is delocalized and the crystal may have good transport properties. 

Random operators behave differently. There are energy intervals I such that 
for almost all configurations of the randomness, the wave function corresponding 
to the energy interval / stays trapped in a finite region of space for all time. It 
is localized and one can think of materials not having good transport properties. 
This manifests in the sense that the spectrum in / is almost surely only of pure 
point type and the phenomenon behind this is known as Anderson localization, 
spectral localization or exponential localization. 
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Definition 1.5. Let I C R. A self- adjoint operator on either L 2 (R d ) or 
£ 2 (Z d ) is said to exhibit spectral localization in I, if the spectrum of H in I is 
only of pure point type, i.e. a c (H) fl / = 0. If, additionally, the eigenfunctions 
of H corresponding to the eigenvalues in / decay exponentially we say that H 
exhibits exponential localization in I. If / = R, we say that H exhibits spectral 
localization or exponential localization, depending whether the eigenfunctions 
decay exponentially or not. 

Beside the spectral interpretation, there are also interpretations of localization 
from the dynamical point of view, called dynamical localization. Dynamical 
localization for the Anderson model on Z d was first shown in [Aiz94]. 

Definition 1.6. Let / C R and U be either L 2 (M. d ) or £ 2 (Z d ). A self-adjoint 
operator H on T-L is said to exhibit dynamical localization in I, if for every 
ipo G T-L with compact support and all p > we have 

sup|||z| p e _Lff *x/(if)V>o|| < oo, 

where xi '■ R ~~ * {Oj 1} denotes the characteristic function of the set I. If / = R, 
we say that H exhibits dynamical localization. 

Let us note that dynamical localization implies spectral localization by the 
RAGE-theorem, see e.g. [Stoll], but not vice versa as examples in [dRJLS96] 
show. There are various notions of dynamical localization (for example strong 
dynamical localization), see e.g. [Kle08]. 

Let us discuss the picture of localization using the example of the Ander- 
son model : £ 2 (Z d ) — > £ 2 (Z d ), with v being the uniform distribution on 
[—1, 1], introduced in the previous section. If the disorder parameter A is zero, 
then o-(H^) = a (—A) = [—2d, 2d] and of absolutely continuous type, since the 
operator A is seen to be unitary equivalent to multiplication by the function 
2 X^=i cos(27r/cj), kj G [0,1], by the Fourier transform. More generally, it is 
known that the almost sure spectrum of H ^ is given by 

S = [-2d, 2d] + A supp v, 

see [KS80]. What may be expected about the spectral type? The physical pic- 
ture is the following. If the disorder A increases, then there are intervals near 
the band edges, where, for almost all u> G f2, exhibits spectral and dynam- 
ical localization, called localization near the band edges, while in the center of 
the band there is still absolutely continuous spectrum. If the disorder A is suf- 
ficiently large, then, for almost all ui G Q, exhibits spectral and dynamical 
localization. To be more precise, we follow the line of reasoning in [His08] and 
introduce the following conjectures, see also Fig. 1.2 for an illustration of the 
disorder /energy regimes of localization and derealization. 
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A 

pure point spectrum 




-2d 2d E 

Figure 1.2.: Illustration of the energy/ disorder regimes of localization and dereal- 
ization. 

(1) Fix A > 0. Then there is E G (2d, 2d + A) such that, for almost all oo G Q, 
the operator exhibits spectral localization in {(— oo, — E ] U [E ,oo)}, 
i.e. a c (# A ) n {(-oo, -E ] U [E , oo)} = 0. 

(2) There is A > such that for all A > Ao the operator if A exhibits spectral 
localization for almost all oj G f2. 

(3) Let d — 1 and A > 0. Then, for almost all u G fi, i? A exhibits spectral 
localization. 

(4) Let d > 3 and A > sufficiently small. Then there is i£ m = -E m (A) < E such 
that, for almost all u G fi, the spectrum of i?^ in [—E m , E m ] is absolutely 
continuous. 

Statements (1), (2) and (3) are known. Localization at large disorder was first 
proven in [GMP77] for a continuum random Schrodinger operator in one space 
dimension. The groundbreaking articles towards statements (1), (2) and (3) for 
the Anderson model in arbitrary dimension are [FS83, FMSS85, SW86, vDK89, 
AM93]. 

Statement (4) is not yet proven. However, there are associated results for re- 
lated models. On the one hand the existence of absolutely continuous spectrum 
was proven in [Kle98] for an Anderson model not on Z d , but on the Bethe lat- 
tice. Another proof of this result was given in [FHS07]. Related results for the 
stability of absolutely continuous spectrum for Anderson models on trees were 
also given in [ASW06, KLW12]. On the other hand the existence of absolutely 
continuous spectrum at small disorder has been studied for an Anderson model 
on Z d by imposing certain decay conditions on the random potential, see e.g. 
[KKO00, Krill]. 
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1.4. Fractional moment method, multiscale analysis and 
outline of the thesis 

In Section 1.3 we discussed the phenomenon of localization, specifically for the 
Anderson model on Z d . There are exactly two methods to prove statements 
(1) and (2) from Section 1.3 for the multidimensional Anderson model; the 
multiscale analysis and the fractional moment method. Let us note that there are 
also methods only suitable in the one-dimensional situation which are different 
to multiscale analysis and fractional moment method, see e.g. [BSOO, Sto02]. 

The multiscale analysis was invented by [FS83] and further developed, e.g., 
in [FMSS85, vDK89]. Originally the multiscale analysis yields exponential lo- 
calization, later it was shown that multiscale analysis also implies dynamical 
localization, see e.g. [GDB98, DS01, GK01]. The other method, the fractional 
moment method, was introduced for the Anderson model on the lattice in [AM93, 
Aiz94, ASFH01], and extended to the continuum in [AEN+06, BdMNSS06]. It 
is believed that the fractional moment method "requires that the conditional 
expectation of certain random variables have bounded densities" [Kle08]. How- 
ever, in this thesis we develop the fractional moment method for the discrete 
alloy-type model which does not satisfy this property in general as shown in 
Section 2.3. 

Both multiscale analysis and fractional moment method were first developed 
for the Anderson model # A on Z d [FS83, AM93]. The methods were then 
subsequently adapted and generalized to other random operators on £ 2 (Z d ) or 
L 2 (K d ). Let us name a few of them. 

• The multiscale analysis as well as the fractional moment method are 
developed for the Anderson model on Z d where the potential values at 
different lattice sites are not assumed to be stochastically independent 
[vDK91, AM93, ASFH01]. As the discrete alloy-type model is an Ander- 
son model on the lattice with correlated potential values, one can ask the 
question whether the results of [vDK91, AM93, ASFH01] apply to the 
discrete alloy- type model or not. However, they impose certain stringent 
conditions on the joint distribution of the potential values which are not 
satisfied for the discrete alloy-type model. This will be discussed in Sec- 
tion 2.3 in detail. 

• The multiscale analysis was adapted to the alloy- type model on L 2 (R d ) 
with non-negative (monotone case) and compactly supported single-site 
potentials. This goes back to [HM84], see [StoOl, Kir08a] and the refer- 
ences therein for further advances of the multiscale analysis in this research 
direction. The generalization to non-compactly supported but still non- 
negative single-site potentials was done in [Klo95, KSS98]. 
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The fractional moment method was likewise developed for the alloy-type 
model with non-negative and compactly supported single-site potentials, 
see [AEN + 06, BdMNSS06] for the multidimensional case and [HSS10] for 
the one-dimensional model where localization is shown at all energies inde- 
pendent of the disorder strength as stated in statement (3) in Section 1.3. 

• In 2001 Germinet and Klein [GK01] developed the so-called bootstrap mul- 
tiscale analysis, which yields stronger results than the original multiscale 
analysis and is applicable for a large class of random operators including 
the alloy-type model with non-negative and compactly supported single- 
site potential as an example. 

• Both, the multiscale analysis and the fractional moment method were used 
to prove localization for multi-particle random Schrodinger operators with 
sign-definite single-site potentials and sign-definite electron-electron inter- 
action. This was done for operators on £ 2 (Z d ) in [CS08, Kir08b, CS09a, 
CS09b] via the multiscale analysis and in [AW09, AW10] based on the 
fractional moment method. 

For multi-particle Schrodinger operators in L 2 (R d ) with an external alloy- 
type potential, localization has been studied according to the multiscale 
analysis in [BdMCSSlO, BdMCSll]. The fractional moment method has 
not been applied to multi-particle Schrodinger operators in L 2 (IR d ). Cur- 
rently, Michael Fauser and Simone Warzel pursue this research direction. 

Localization proofs via multiscale analysis or the fractional moment method 
strongly rely on the property that the random operator depends, in the sense of 
quadratic forms, monotonically on the random parameters. There is no physi- 
cally compelling reason for a random Schrodinger operator to have such a mono- 
tonicity property, and one can ask the natural question whether localization can 
be established if one relinquishes the monotonicity property. Examples for a ran- 
dom operator which lack monotonicity are the alloy-type model (discrete or con- 
tinuous) with sign-changing single-site potential and the random displacement 
model. 

Since the existing methods rely strongly on a monotonicity property, the phe- 
nomenon of localization is much less understood for non-monotone models than 
for monotone ones. In the last two decades, a lot of research has been done to 
close the gap between the existing results for non-monotone and monotone ran- 
dom operators. Next we list some results for non-monotone random operators 
which have been achieved via multiscale analysis. 

• The paper [Klo95] establishes exponential localization in (— oo,E ), E > 
0, for the alloy-type model on L 2 (R d ) in the case where S = R and where 
the single-site potential decays exponentially. The key new feature is a 
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proof of a Wegner estimate which works without sign assumptions on the 
single-site potential. Related results concerning localization at band edges 
(in the weak disorder regime) have been obtained for the alloy-type model 
with sign-changing single-site potential in [Klo02, HK02, KN09] and for 
the so-called generalized alloy-type model in [KN10]. 

• The papers [Ves02, KV06, VeslOb, PTV11] establish a Wegner estimate 
(which can be used for a localization proof via multiscale analysis) for a 
class of alloy-type models with a sign-indefinite single-site potential of a 
so-called generalized step function form. The obtained Wegner estimates 
are valid on the whole energy axis. We present our results of [PTV11] in 
Section B.2 of this thesis. 

• For the random displacement model, also a model with no obvious mono- 
tonicity property with respect to the random variables, spectral prop- 
erties have been studied according to the multiscale analysis, e.g., in 
[BLS09, KLNS12b, KLNS12a]. 

• The discrete alloy-type model with sign-changing single-site potential has 
been studied according to the multiscale analysis in [VeslOa, Krul2, PTV11, 
CE12]. Veselic, Peyerimhoff and Tautenhahn [VeslOa, PTV11] establish a 
Wegner estimate at all energies, see Chapter 4. Kriiger [Kriil2] develops 
the multiscale analysis not relying on a (classical) Wegner estimate and 
obtains dynamical and spectral localization in the strong disorder regime 
for a class of models including the discrete alloy-type model as an example. 
Kriiger uses ideas of [Bou09] where a Wegner estimate is established for 
the matrix valued Anderson model, which also lacks monotonicity. Re- 
cently, Cao and Elgart show in [CE12] localization for the discrete alloy- 
type model in the Lifshitz tails regime, i.e. at small disorder and for low 
energies. 

The fractional moment method is far less developed for non-monotone random 
Schrodinger operators. Our paper [ETV10] develops the fractional moment 
method and gives a proof of localization for the one-dimensional discrete alloy- 
type model with sign-changing and compactly supported single-site potential, cf. 
Section 3.2. This result was generalized to the multidimensional case in [ETV11], 
where the single-site potential is assumed to be compactly supported and to have 
fixed sign at the boundary of its support, cf. Chapter 3. We also refer the reader 
to our survey paper [EKTV12] where recent results for the discrete alloy-type 
model are presented. Let us stress that it is generally acknowledged that even for 
models where the multiscale analysis is well established, the implementation of 
the fractional moment method gives new insights and slightly stronger results. 
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For instance, the paper [AEN+06] concerns models for which the multiscale 
analysis was developed much earlier. 

The aim of this thesis is to expand the methods for proving localization for 
non-monotone random operators. In particular, we 

• develop the fractional moment method for the discrete alloy-type model 
with sign-changing single-site potential according to our papers [ETV10, 
ETV11], see Chapter 3 and Appendix A. 

• establish a new variant for concluding exponential localization from frac- 
tional moment bounds for the discrete alloy-type model following our re- 
sults in [ETV10, ETV11], see Section 3.5. An adaptation of this result to 
the alloy-type model on L 2 (M. d ) with sign-changing single-site potential is 
presented in Appendix B.3. 

• prove a Wegner estimate at all energies for the discrete and continuous 
alloy-type model with sign-changing single-site potentials of a generalized 
step-function type which has already been published in [PTV11], see Chap- 
ter 4 and Appendix B.2. 
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Discrete alloy-type model, main 
results and regularity properties 

In Section 2.1 we will introduce the discrete alloy- type model, which is a gener- 
alization of the classical Anderson model in the sense that the potential values 
at different lattice sites are not independent. Moreover, since the single-site po- 
tential may change its sign, certain properties of the discrete alloy-type model 
depend in a non-monotonic way on the random parameters. Both, the indepen- 
dence and the monotonicity properties distinguish the classical Anderson model 
from the discrete alloy-type model. The existing methods for proving localiza- 
tion strongly rely on the independence and/or the monotonicity property. For 
this reason, new methods are needed to overcome the problems arising from non- 
monotonicity and non-independence. The discrete alloy-type model has been 
studied, for instance, in [VeslOa, ETV10, ETV11, PTV11, Kriil2, CE12]. 

In Section 2.2 we state our main results on localization via the fractional 
moment method and a Wegner estimate for the discrete alloy-type model. These 
results have already been published in [ETV10, ETV11, PTV11] and will be 
proven in Chapter 3 and Chapter 4. 

Anderson models where the potential values at different lattice sites are not in- 
dependent have already been studied, see e.g. [AM93, vDK91, HunOO, ASFH01], 
by imposing certain regularity assumptions on a conditional distribution of the 
potential values. In Section 2.3 we show that these regularity assumptions are 
generally not satisfied for the discrete alloy-type model. 

2.1. The discrete alloy-type model 

Let d > 1. For x e Z d we recall the standard norms 

d 

Mi := y^jxi\ and := max{|xi|, . . . , \x d \}. 

i=i 
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For any set T C Z d we introduce the Hilbert space 

£ 2 (r) = {^:r^C:5>(A;)| 2 <oo} 

feer 

which is equipped with the inner product (<f>,tp) = J2ker ( t ) {k)ip{k). On the 
Hilbert space £ 2 (Z d ) we consider the family of discrete Schrodinger operators 

H U :=-A + \V U , uen, A>0. (2.1) 

Here, oj is an element of the probability space specified below, A : t 2 (Z d ) — y 
I 2 (Z rf ) denotes the discrete Laplace operator and V w : £ 2 (Z d ) — y I 2 (Z d ) is a 
random multiplication operator. They are defined by 

(Aip) (x) := i>( x + e ) and (W) ( x ) '■= V u (x)ip(x) 

and represent the kinetic energy and the random potential energy, respectively. 
Note that we have suppressed the diagonal term —2dip(x) in the definition of 
the discrete Laplacian, since this corresponds just to a spectral shift and we 
are mostly interested in spectral types. The parameter A models the strength 
of the disorder. We assume that the probability space has a product structure 
:= X k£Z d R and is equipped with the a-algebra generated by the cylinder-sets 
and the probability measure 

F{du) := Yl Kdw fc ) 

kez d 

where v is a probability measure on IR with compact support. We define R := 
max{|inf supp v\, |sup supp u\}. By definition, the projections Q 3 u> i— y u k give 
rise to a sequence u k , k G Z d , of independent identically distributed (i.i.d.) 
random variables, each distributed according to the probability measure v. The 
symbol E denotes the expectation with respect to the probability measure, i.e. 
E(-) := J n (-)¥(du). For a set T C Z d , E r denotes the expectation with respect 
to Wfc, k E T. That is, E r (-) := / n (•) Ylker u (^ LUJ k) where fi r := X feer lR. 

Let the single-site potential u : Z d — y K. be a function in £ 1 (Z d ;M) = {u : 
Z d — y R: J2k&z d \ u (k)\ < °°}- ^ e assume that the random potential has an 
alloy-type structure, i.e. the potential value 

V u {x) := Y Uku{x - k) 

at a lattice site x G Z d is a linear combination of the i.i.d. random variables 
Uk, k G Z d , with coefficients provided by the single-site potential. We call the 
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Hamiltonian (2.1) a discrete alloy-type model. The function u(- — k) may be 
interpreted as a potential generated by the atom sitting at the lattice site k G Z d . 
We assume (without loss of generality) that G 6:= supp-u. 

For the operator H w in (2.1) and zGC \ cr(H u ) we define the corresponding 
resolvent by G u (z) := (H u — z)~ x . For the Green function, which assigns to 
each (x, y) G Z d x Z d the corresponding matrix element of the resolvent, we use 
the notation 

G u (z; x, y) := (6 X , (H u - z)~ 1 5 y ) . 

For V dZ d and k G T, 5k G £ 2 {T) denotes the Dirac function given by Sk(k) = 1 
and 5 k {j) = for j G T \ {k}. Let Ti C T 2 C Z d . We define the canonical 
restriction p}> : i 2 (T 2 ) ->■ ^(I^) by 

where the Dirac function has to be understood as an element of P{Ti). Note 
that the corresponding embedding := (pj^)* : ^ 2 (Fi) — >■ ^ 2 (r 2 ) is given by 



/ F2 



:= E <l>( k ) S k, 



ker 1 



where here the Dirac function has to be understood as an element of £ 2 (r 2 ). 
If T 2 = Z d we will drop the upper index and write pr x and in instead of 
Py and tf d . For an arbitrary set r C Z d we define the restricted operators 
A r , Vr, H r : £ 2 (r) -> £ 2 (r) by A r := prA^r, V T ■= PrK^r and 

H r := p T H w L T = -A r + AV r . 

Furthermore, we define Gr(-z) : = (Hr — z )~ l and Gr(^;x,y) := (5 x ,Gr(z)6 y } for 
zGC \ cr(Hr) and x, y G T. Pay attention that we suppress the dependence on 
wGO for the restricted operators as well as for the restricted Green function. 

If A C Z d is finite, if a can be interpreted as a finite dimensional random ma- 
trix. For example, if d — 1 and A = {—2, —1, 0, 1, 2} the matrix representation 
of i?A with respect to the canonical basis {<5fc}fceA is given by 



-1 




V o 



-1 

V-i 

-1 








-1 

-1 







-1 

Vi 

-1 






-1 



y~]u k u(x - k), x G {-2, . . . ,2}. 



The diagonal elements v x , x G {—2, — 1, . . . , 2}, correspond to the multiplication 
operator V\ and the minus ones on the upper and lower diagonal come up from 
the negative discrete Laplacian — Aa- 
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If we consider operators on £ 2 (A) for A C Z d finite, we will always use the same 
symbol for the operator as well as for the corresponding matrix representation 
with respect to the canonical basis. 

Let us finally introduce some further assumptions on the model which may 
hold or not hold. First we introduce some notation. For A C 7h d finite, |A| will 
denote the number of elements in A. For A C Z d we denote by <9'A = {k G 
A: \{j G A: \k— j\i = 1}\ < 2d} the interior boundary of A and by <9°A = d^A ) 
the exterior boundary of A. Here, A c = 7L d \ A denotes the complement of A. 
Recall that = supp u. 

Assumption (A). Assume d — 1, the measure v has a probability density 
p G L°°(R) and = {0, 1, . . . , n - 1} for some n G N. 

Assumption (B). Assume d — 1, the measure v has a probability density 
p G L°°(R) and is finite with min = and max = n — 1 for some n G N. 

Assumption (C). Assume that is a finite set, the measure v has a probability 
density p G L°°(R), and that the function u satisfies u(k) > for all k G 

Assumption (D). The measure v has a probability density p G BV(R) and 
there are constants C, a > such that for all k G Z d we have \u(k)\ < Ce' 01 ^ 1 . 

Here BV(R) denotes the space of functions of finite total variation. A precise 
definition of this function space is given in Section 4.1. 

Assumption (E). Let be a finite set. 

Assumption (F). The measure v has a probability density in the Sobolev space 
VF 1,1 (R), is finite and the single-site potential satisfies u := J2k€Z dU (k) ^ 0. 

If we say that a measure v on R has a probability density p, we mean that 
the measure v is absolutely continuous with respect to the Lebesgue measure 
with the corresponding density function p, i.e. we have v(A) = j A p(x)dx for all 
measurable sets 4cK. 

2.2. Main results 

For x £z7L d and L > 0, we denote by Al jX = {k G Z d : \x — k]^ < L} the cube 
of side length 2L. Furthermore, we set A^ = Al,o- 

As we are interested in the spectral type of the almost sure spectrum of H w , 
more precisely that there is no continuous spectrum in certain energy /disorder 
regimes, let us first note that the almost sure spectrum of if w is an interval. 

Theorem 2.1 (The almost sure spectrum). Let supp v be a bounded interval. 
Then, for almost all oj G Q, the spectrum of is an interval. 
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This result is based on a discussion of Helge Kriiger and Ivan Veselic. For a 
proof we refer to [EKTV12]. 

Our first result is a so-called finite volume criterion. It can be used to prove 
exponential decay of an averaged fractional power of the Green function at 
typical perturbative regimes. 

Theorem 2.2 (Finite volume criterion). Suppose that Assumption (C) is satis- 
fied, let T C Z d ; zGC\l with \z\ < m and s G (0, 1/3). Then there exists a 
constant B s which depends only on d, p, u, m and s, such that if the condition 

6.(A,L,A) -.= BsL ^m X) E mG A \wAz;x,w)\^)<b 

w£d°W x 

is satisfied for some b G (0, 1), arbitrary A C T, and all x G A, then for all 
x,y G r 

E(\G r (z;x,y)\ s/{m) ) < AT^K 



Here 



A ^lliAl. EJA) max{A s 2 H . A 2s }, // M 



L + diam0 + 2' 



with C s , depending only on s, inherited from the a priori bound of Lemma 3.22. 
The set W x is a certain annulus around x, defined precisely in Eq. (3.41) and 
the text below, and L > diam 9 + 2 is some fixed number determining the size 
of the annulus W x . 

This criterion works in the strong disorder regime using an a priori bound (see 
Section 3.3), and Theorem 2.3 follows. Theorem 2.3 is the typical output of the 
fractional moment method, i.e. the exponential decay of an averaged fractional 
power of the Green function. It applies to arbitrary finite C Z d assuming 
that the single-site potential u has fixed sign on the interior vertex boundary of 
0. 

Theorem 2.3 (Fractional moment decay). Let T C 7L d , s G (0,1/3) and sup- 
pose that Assumption (C) is satisfied. Then for a sufficiently large A there are 
constants /i, A G (0, oo), depending only on d, p, u, s and \, such that for all 
z G C \ R and all x,y G T 

E(\G r (z-x,y)\ s/{m) ) < Ae~^ x ' y ^. 

The next theorem states that the exponential decay of an averaged fractional 
power of the Green function implies exponential localization. Notice that this 
implication is well known for the (discrete and continuous) alloy-type model 
with sign-definite single-site potential. If the single-site potential may change 



19 



2. Discrete alloy-type model, main results and regularity properties 



its sign, the existing methods do not apply. We provide a new variant for proving 
this implication which applies to the sign-indefinite case. Let us also emphasize 
that this result does not rely on Assumption (C). What is needed is that is a 
finite set and v is allowed to be an arbitrary probability measure with compact 
support. See Remark 2.5 below for a discussion on the assumption that 6 is 
finite. 

Theorem 2.4. Let Assumption (E) be satisfied, s G (0,1), C, /i, G (0, oo), and 
I C R be an interval. Assume that 

E{\G ALik (E + ie;x,y)\ s )<Ce-^-^ 

for all k G Z d , L G N, x,y G Ai,k, Eel and all e G (0, 1]. Then, for almost 
all oj G VL, H u exhibits exponential localization in I . 

Remark 2.5. Theorem 2.4 requires Assumption (E). It seems that the proof and 
so the result can be extended to the case where Assumption (E) is replaced by 
\u(x)\ < C\x\i m for some constant m > 4d and \x\i sufficiently large, but u not 
necessarily of finite support. This may be realized by using ideas from [KSS98] 
relying on a so-called uniform Wegner estimate to provide the independence of 
two finite-volume Hamiltonians even though the single-site potential is not of 
finite support. 

Putting together Theorem 2.3 and Theorem 2.4, we obtain exponential local- 
ization in the case of sufficiently large disorder. 

Theorem 2.6 (Exponential localization). Let Assumption (C) be satisfied and 
A sufficiently large. Then, for almost all ui G VL, exhibits exponential local- 
ization. 

All the previous theorems concern a proof of localization according to the 
fractional moment method. If one pursues a proof via multiscale analysis, there 
is a need for a Wegner estimate as an input for the multiscale analysis. The 
next theorem states a Wegner estimate for the discrete alloy-type model with 
sign-indefinite and exponentially decaying single-site potential. Note that the 
single-site potential is not assumed to have compact support. 

Theorem 2.7 (Wegner estimate). Let Assumption (D) be satisfied. Then there 
exists C{u) > and I G Nq both depending only on u such that for any I G N 
and any bounded interval I C K. 

E(Tr X ,(#A ( )) < A- 1 C( M )||p||va r |/|(2/ + l) M+|/o1 . 

A precise definition of Iq G Nq is given in Eq. (4.10). 
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Remark 2.8. Theorem 2.7 is related to the results established in [VeslOa]. There 
several Wegner bounds have been proven for u G £ 1 ('Z d ;M.) (not necessarily of 
exponential decay) and by considering the assumptions 

(i) u is finitely supported, or 

(ii) u := J2ke^ u ( k ) + °> or 

(iii) the space dimension satisfies d — 1 and u decays exponentially, 

which may hold or not hold. If one of the above conditions is satisfied, the 
Wegner bound of [VeslOa] is linear in the length of the energy interval and poly- 
nomially in the volume of the cube. A particularly important case in [VeslOa] is 
the one when both conditions (i) and (ii) hold. In this situation the exponent of 
the length scale can be chosen to be equal to the space dimension d, and yields 
the Lipschitz continuity of the integrated density of states, and consequently 
its derivative, the density of states, exists for almost all E e M, see [Ves08] for 
a detailed discussion. Concerning the case where assumption (iii) holds, one 
can say that Theorem 2.7 is a multidimensional generalization of the Wegner 
estimate from [VeslOa], though the improved proof presented here allows more 
explicit control on the volume dependence. However, if one goes back to the 
case where the single site potential is non-negative, the volume dependence in 
Theorem 2.7 is quadratic while the one from the results in [VeslOa] is linear. 

Remark 2.9. The Wegner estimate from Theorem 2.7 is linear in the energy- 
interval length and polynomial in the volume of the cube. Hence, our Wegner 
bound can be used for a localization proof via multiscale analysis in any energy 
region where an initial length scale estimate holds, see e.g. [FS83, FMSS85, 
vDK89, Kir08a]. If the single-site potential does not have compact support, one 
has to use an enhanced version of the multiscale analysis and so-called uniform 
Wegner estimates to prove localization, see [KSS98]. 

The proofs of the main results are organized as follows. In Chapter 3 we 
prove all the results concerning the fractional moment method. In Section 3.2 
we restrict ourselves to the special case d — 1, since the important steps of the 
proof of localization are particularly transparent and the restriction to the one- 
dimensional case allows an explicit control over the constants. In Section 3.3 we 
prove an a priori bound which is used in Section 3.4 to prove Theorem 2.2 and 
Theorem 2.3. Section 3.5 is devoted to the proof of Theorems 2.4 and 2.6. In 
Chapter 4 we prove Theorem 2.7, a Wegner estimate for the discrete alloy-type 
model. 

In an appendix, we present several results related to our main results. In 
particular, we prove an alternative a priori bound to the one in Section 3.3 in 
Appendix A. Appendix B concerns some results on the continuous counterpart 
of the discrete alloy-type model, the alloy-type model. We prove a Wegner 
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estimate for the alloy-type model with sign-changing single-site potential of a 
so-called generalized step-function form. Moreover, we show for the alloy-type 
model with sign-changing single-site potential an analogue of Theorem 2.4, i.e. 
that the exponential decay of fractional moments implies exponential localiza- 
tion. 

Remark 2.10. The results proven according to the fractional moment method 
concern an sign-indefinite discrete alloy-type model on £ 2 (Z d ). It is an inter- 
esting question whether the results can be generalized to a discrete alloy-type 
model defined on a locally finite graph. More precisely, let G = (V, E) be an 
infinite, locally finite, connected graph without loops or multiple edges where 
V = V(G) is the set of vertices and E = E(G) is the set of edges. We use 
the notation x ~ y to indicate that an edge connects the vertices x and y, and 
m(x) := \{y G V : y ~ x}\ for the number of vertices connected by an edge to x. 
On i 2 (V) we consider the operator 

H G = _ A G + X yG 

where (A G ^)(x) := -m{x)^{x) + E^^d/), V£(x) = Y<kev u k u ( x - k), u e 
£ l (V; R) and ut, k G V, a sequence of bounded and i.i.d. random variables whose 
distribution has a probability density p G L°°(R). Since the graph G may have 
no uniform bound on the vertex degree, the Laplacian may be an unbounded 
operator. Let us note that A G is essentially self-adjoint on the dense subset of 
functions ip : V — > C with finite support, see e.g. [Woj08, WeblO, Jor08], or 
[KL12] for a proof in a more general framework. 

In the case where V^(x) = u x and A is sufficiently large, exponential and 
dynamical localization has been proven in [Taull] for a certain class of locally 
finite graphs, including all graphs which have a uniform bound on the vertex 
degree and also some graphs with no uniform bound on the vertex degree. 

If one combines the methods from [Taull] and this thesis ([ETV10, ETV11]), 
one may find new criteria on the graph G and on the sign-changing single-site 
potential u, such that exponential or dynamical localization can be proven for 
the operator H G almost surely in the case of sufficiently large disorder. 



2.3. Regularity properties for the discrete alloy-type model 

Anderson models where the potential values at different lattice sites are not 
independent have been studied previously in the literature according to the 
multiscale analysis and the fractional moment method, see e. g. [AM93, vDK91, 
AG98, HunOO, ASFH01, Hun08]. Among others, they prove localization as long 
as the potential values satisfy certain regularity conditions. More precisely, 
they require regularity of the distribution of the potential at x G Z d conditioned 
on arbitrary fixed potential values elsewhere. One question is, whether the 
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regularity conditions of the above mentioned papers are satisfied for the discrete 
alloy- type potential or not, in other words, whether the theorems in [AM93, 
vDK91, AG98, HunOO, ASFH01, Hun08] apply to our model or not. To be 
specific, let us formulate the regularity condition from [ASFH01]. 

Definition 2.11. Let X be a countable set, {v x } xe x be a collection of real 
valued random variables and p x (- | v x ) the probability distribution of v x con- 
ditioned on the random variables v x = {vj}jex\{x}- The collection p x {- \ v x ), 
x E X, is said to be (uniformly) r-Holder continuous for r G (0, 1] if there is a 
constant C such that 



In the following we want to study in which cases the regularity condition 
of Definition 2.11 is satisfied for the alloy-type potential and for which not. 
Therefore, we assume that the measure \x has a probability density p E L°°(R). 
The established results have already been published in [TVlOa]. First we give 
a result in the negative direction. 

Lemma 2.12. Let d = 1, = {0, 1, . . . , n — 1} for some n EN, inf supp p = 
and sup supp p = 1. Then there are constants c,m,s + E (— oo,oo) ; depending 
only on u, such that for all 5 > and 5 > 5' > 



P({K,(0) e [m-c5,m + c6]} | {V u (-l),V u (n - 1) E [s + - 5', s + }}) = 1. 



The values of the constants c, m and s + can be inferred from the proof. 

Notice that, under the assumptions of Lemma 2.12, V u {—1) and V u (n — 1) 
are stochastically independent and F({V u (—l),V u (n — 1) G [s + — 5',s + ]}) > 0, 
where s + is defined in the proof of Lemma 2.12. 

Proof of Lemma 2.12. Let 6 P := {k E Z : u(k) > 0} and n := {k E Z : 
u(k) < 0}. Further let w max = maxfe e e|u(A;)|, u m i Q = minkee\u(k)\ and s + = 
J2keep u (k)- Let us introduce two further subsets of 6 which are important in 
our study. The first one is 



with P + 1 = {k E N : (k — 1) G 6 P }. The second subset is the complement 
Go = © \ ©i- To end the proof we show the following interval arithmetic result: 



sup sup p x ([a, b] | v^r) < C(b — a) T for all [a, b] C R. 

xex v ± 



The second supremum is taken over all possible values of v x in x Z d\^M. 
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Let8>8'>0 and V u (-1), V u (n — 1) G [s + - 8', s+]. Then 

V u (0) G [m - c8', m + c8'\ c[m-c8,m + c5] (2.2) 

with c = nu max /u min and m = Y^keOr u ( k )- 
We divide the proof of (2.2) into three parts. The first step is to argue that 

f [1 - ll for k G Qp, 

u-i-k e < (2.3) 
0, -M for fc g e n . 

For the proof of the first part of (2.3) we use the assumption V u (—1) > s + — 8' 
and obtain 

s + -8' < V u (-l) = '^u(k)uj^i- k < ^ ^(&V-i-fc, 

and hence J2 ke@P u(k)(l — ui-i- k ) < 8'. We conclude that for all k G 9 P we have 
u(k)(l — td-i-k) < 8' which gives the first part of (2.3). For the proof of the 
second part of (2.3) we use again the assumption V u {—\) > s + — 8' and obtain 

^ u{k)u_i_ k -8' < s + -8' < K>(-1) = ^2 u{k)u^i- k + ^2 u(k)u-i- k 
fceep fceep fcee n 

which gives —8' < Ykee n Thus, for all k G n we have u^i^ k < 

—8'/u(k) = 8'/\u(k)\ which gives the second part of (2.3). In a second step we 
argue that 

( [1 - ll for k G 9 p , 

I L «min' J ' In , \ 

U-k+n-1 e < 2.4 

0, for k G 6 n . 

^ L ' M min J 

The proof of (2.4) can be done in analogy to the proof of (2.3), but using the 
assumption V u (n — 1) > s + — 8'. In a third step we ask the question for which 
k G 6 we have cd- k G [1 — 8'/u m - m , 1]. Using the definition of the set Oi we find 
with (2.3) and (2.4) that 

f[l-/-,l] for k G 0i, 
co- k e{ 1 "7 (2.5) 
0, ^- for fc G O . 

Now, the desired result (2.2) follows from (2.5) and the decomposition 

V u (0) = ^2u(k)uj_ k = ^2 u(k)ou- k + ^2 u(k)uu- k . 
kee fceOi fcee 

Hence, the proof is complete. ■ 
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Remark 2.13. The assumption inf supp p = and sup supp p = 1 in Lemma 2.12 
is not crucial. What matters is that suppp is a bounded set. 

Remark 2.14. Lemma 2.12 implies that the collection of random variables V u (k), 
k G Z d , is not uniformly r-Holder continuous. Hence, the results in [ASFH01] 
do not apply to the discrete alloy-type model in general. 

Now, we consider the case d = 1, = { — 1,0}, u(0) = 1 and where p is a 
Gaussian density function with mean zero and variance a 2 . Note that p has 
unbounded support, although we assumed that the measure v has compact 
support. However, let us consider for the sake of this discussion a generalization 
of the discrete alloy-type model with a probability measure v of unbounded 
support. In this situation it turns out that the regularity assumption from 
[ASFH01] is satisfied as long as \u{— 1)| ^ 1. We also refer the reader to [vDK91] 
where a simiar condition to Definition 2.11 is studied in the Gaussian case. Our 
study is based on the following classical result which may be found in [Por94] . 

Proposition 2.15. Let X be normally distributed on ~R d , Y = a ■ X where 
a G R d , and W = BX where B G R mxd . Assume W has a non-singular 
distribution. Then the distribution of Y conditioned on W = v G M m is the 
Gaussian distribution having mean 

E(Y) + cov(F, W) cov{W, W)~ x [v - E(W)} 



and variance 



cov(r, Y) - cov(F, W) cov(Vy, W)~ l cov(H/, Y). 



For I G N let A\ G M Zx ' +1 be the matrix with coefficients in the canonical basis 
given by A L (i,i) = 1, A t (i,i + 1) = u(—l) for i G {1, . . . ,/}, and zero otherwise, 
namely 

/l «(-l) \ 



A, 



V 



ti(-l) 

1 u{ 



•1)/ 



" : we obtain a vector 



Notice, if we apply A x on the vector u [XtX+i] = {u x +k-i)k= v 
containing the potential values V u (k), k G {x, x + 1, . . . ,x + I}. Moreover, the 
vector (V u (x + k — l)) l k=1 = A[U[ XtX+ i] is normally distributed with mean zero 
and covariance a 2 AiAj. The matrix A[Af has the form 



T 



/l + u 2 {-l) «(-l) 
u(-l) l + u 2 (-l) 



\ 



\ 



«(-l) 

u(-l) l+u 2 (-l)/ 



Ixl 
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By induction we find that the determinant of AiAj is given by 

i 

det(AiAj) = si > where s t : = ^(w(-l)) 2 \ 

i=i 

Since the minor M n and M u of A t Aj equals A[_iAj_ x we obtain by Cramers 
rule for the elements (1,1) and (I, /) of the inverse of A^iAj_ Y 

(MVa, 1) = (AiAj)~% I) = ^i. (2.6) 

Lemma 2.16. Let d = 1, I, m > 1, = { — 1,0}, -u(O) = 1 and p be the 

Gaussian density with mean zero and variance a 2 . Let further v + G M. 1 and 
v~ G M m . Then the distribution 0/14,(0) conditioned on (V u (k)) l k=1 = v + and 
(V u (—m + k — l))fcLx = v~ is Gaussian with variance 



1 = a 2 (u{-l) 2 ~l + — + -) 

\ S m Sl / 



Si' 

and mean 



n 



= «(-l) $> m ^)- V, <) V- + ^(A^)-l(l, i) 



J=l i=l 



Proo/. Let X := (w- m -i+ fc )j+7 +2 G M i+m+2 , a = (a^t™+ 2 G ]R z + m + 2 the vector 
with coefficients a m+ i = 1, a m+ 2 = M ( — 1) an d zero otherwise. Let us further 
define the block-matrix 

B = ( ^ m | g ]g^ m +0x( m +'+ 2 ) 



A L 

Notice that V := a ■ X = V u (0), 

A m u { _ mfi] = (V w (-m + k- l))T = i, and Aiu [lt i +1] = (V u (k)) l k=1 , 

where W[- m , ] = (^-m+fc-i)^ 1 and = ( w fc)fc=i- Hence := is the 

(m+/)-dimensional vector containing the potentials K,(fc), G {— to, . . . , £}\{0}. 
Notice that Y and W have mean zero, since X has mean zero. We apply Propo- 
sition 2.15 with these choices of X, Y and W , and obtain that the distribution 
of V u (0) conditioned on (V u (-m + k- l))™=i = v ~ an d (K,(&))Li = v+ is 
Gaussian with mean 

n = cov(Y, W) cov(W, W)~ 1 v 

and variance 

7 = cov(Y, Y) — cov(Y, W) cov(w, w)" 1 cov(W, Y), 
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where v — (v , f + ) T . It is straightforward to calculate cov(Y, Y) = a 2 (l + 



u(-l) 2 ) and cov(W,Y) = z = 
and z+ = (<r 2 u(-l),0,...,0) T 



where z~ = (0, . . . ,0, a 2 u(-l)) T E 



. We also have 



cov(W, W) = a 2 





AiAj 



Hence by Eq. (2.6) 



7 



a 2 (l 



•I) 2 ) 



-2 T 

a z 







(AiAjy 



= a 2 {l + u{-l) 2 )-a 



a 4 u 2 ( 



-1) h CF U ( 



-1) 



Sl-1 
Si 



a 2 (l + u(-l) 2 )-a 2 1- 



1 - 



and 



This proves the statement of the lemma. 



1- 



The case of Lemma 2.16 where either m or / equals zero can be proven anal- 
ogously and is indeed contained in the statement of Lemma 2.16 in the sense 
that s = 1. However, to avoid confusion let us reformulate the case m = 0. 

Lemma 2.17. Let d — 1, I > 1, © = { — 1,0}, u(0) = 1, p be the Gaussian 
density with mean zero and variance a 2 and « 6 1'. Then the distribution of 
K;(0) conditioned on (V^(/c))^, =1 = v is Gaussian with variance 

1 * 
7 = a 2 (u(— l) 2 H j and mean m = u(— 1) y~](A;A^) -1 (l, i) Vj. 



i=l 



Note that the variance from Lemma 2.17 is bounded from below uniformly 
even if u{— l) 2 = 1, while the variance from Lemma 2.16 tends to zero if 
u(-l) 2 = 1. 

Remark 2.18. We want to discuss the validity of the regularity assumption from 
[ASFH01] in the case d = 1, © = {-1,0}, u(0) = 1 and p the Gaussian 
density function with mean zero and variance a 2 . Notice that the Gaussian 
distribution is r- Holder continuous with a constant C independent on the mean 
but depending on the variance, and the property that C — > oo if the variance 
tends to zero. 

Let l,m>\. If \u(— 1)| 7^ 1, Lemma 2.16 and Lemma 2.17 give that the dis- 
tribution of Kj(0) conditioned on fixed potential values V^k), k G {— m, . . . ,l}\ 
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{0}, is again Gaussian with variance bounded from below by a 2 \u 2 (— 1) — 1|. As 
a consequence, the random field V U) (k), k G {— m + 1, . . . ,n — 1} is uniformly 
r- Holder continuous and the constant C from Definition 2.11 may be chosen 
independently from m,l e N. Hence the method from [ASFH01] applies and 
gives localization. 

If \u(— 1)| = 1, the situation is somehow different. In this case Lemma 2.16 
and Lemma 2.17 give that the random field V u (k), k E Al = {—L,...,L}, 
L G N, satisfies 

sup sup F({V u (x) G [a, b]} | {V u (k) = v k ,keA L \ {x}}) < C L {b - a) T 

but the constant Cl cannot be chosen uniformly in L G N. In particular, 
Cl — > oo if L — > oo. As a consequence, the method of [ASFH01] will give a 
bound on the expectation of \G\ L (z; i,j)\ s which depends on the volume of A^, 
and hence does not immediately yield localization. If one considers finite volume 
restriction H\ L , an analogue condition to Definition 2.11 which is sufficient for 
localization would be the following. There is a r G (0, 1] and a constant C such 
that 

sup sup sup V({V u (x) G [a, b]} | {V u (k) =v k ,keA L \ {x}}) < C(b - a) T 

for all [a, b] C M. This condition is obviously not satisfied if \u(— 1)| = 1 by 
Lemma 2.16 and Lemma 2.17. 
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Chapter 3 



Fractional moment method for 
discrete alloy-type models 

In this chapter we show exponential localization for the discrete alloy-type model 
in the strong disorder regime under Assumption (C). In a first section we pro- 
vide certain tools needed for a proof of localization according to the fractional 
moment method. In Section 3.2 we restrict ourselves to the special case d — 1, 
since the restriction to the one-dimensional case allows an elegant and short 
proof of localization. Moreover, we have an explicit control over the constants, 
for instance on the assumption on the disorder to prove localization. The re- 
sults presented in Section 3.2 concern a joint work with Alexander Elgart and 
Ivan Veselic and have already been published in [ETV10]. The reader who is 
interested in the theory for arbitrary d G N can directly jump to Section 3.3. 

In Section 3.3 we start to develop the theory for arbitrary dimension and 
prove the boundedness of an averaged fractional power of the Green function. 
Via a decoupling argument we show in Section 3.4 a so-called finite volume 
criterion. Together with the fractional moment bound from Section 3.3 this 
gives exponential decay of fractional moments if the disorder is sufficiently large. 
In Section 3.5 we show that the exponential decay of fractional moments implies 
exponential localization. The results from Sections 3.3 to 3.5 concern a joint 
work with Alexander Elgart and Ivan Veselic and have already been published 
in [ETV11]. 

3.1. Spectral averaging and Schur complement 

One important step in a proof of localization according to the fractional mo- 
ment method is the boundedness of an averaged fractional power of the Green 
function. In order to prove this, several estimates on averages of resolvents and 
determinants are useful. 
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Let us first motivate the problems arising from the sign-indefiniteness of the 
single-site potential. To this end, we first consider the sign-definite case where 
u(0) = 1 and u(k) = for k <E Z d \ {0}, and where the measure v has a 
probability density p G L°°(R). By rank one perturbation one can show for all 
ieZ [i andzGC\K that 



G u (z;x,x) 



A 



-l 



u x + G u (z;x,x) 1 



(3.1) 



where G u (z;x,x) = (5 X , (H u — z)~ 1 5 y ) and where is obtained from H w by 
setting the random variable oo x to zero. If we take the absolute value to the 
power s G (0, 1) of this identity, and average with respect to u x , we obtain 



/ \G u (z',x,x)\ a p(u x )du x = X s \ 



Wx + G^z-.x.x)' 



— p(u x )duj x . 



Since j3 = G u (z;x,x) is independent of u x , one can estimate the integral in 
Eq. (3.1) by a constant uniform in Uk, k G Z d \ {x}. Roughly speaking, the pole 
at —f3 is integrable since s < 1 and p is bounded, and the integrand is integrable 
at infinity since p G L 1 (1R). More precisely, let g : R — >■ K. be non-negative with 
g G L°°(R) n L^R) and s G (0, 1). Then we have for all G C 



\z-pr9(m<\\9\u\9\\» a 



2 s s~ s 
1 - s' 



(3.2) 



see e.g. [Gra94] for a proof. Hence, 

E {x} (\G u (z;x,x)\ 9 )<\- 



00 1 - s" 



Now assume d — 1 and that = supp-u = {0, 1}. Using the Schur complement 
formula, one can show an analogue of Eq. (3.1), namely 



G w (z; x, x) G w (z;x, x + 1) 
G u (z;x + l,x) G UJ (z;x + l,x + 1] 



A + \oj x 



u(0) 
u(l) 



-i -l 



(3.3) 



where A is some 2x2 matrix which is independent of u x . If u(0) > and 
u(l) > there is a multidimensional analogue of Eq. (3.2), i.e. 



A + \u x 



u(0) 
u(V 



p(uj k )du) k < 



2C w ||p| 



min{tt(0), m(1)}A 



where Cw is a constant independent of A, u and A, see Lemma 3.5 below. This 
implies 

2C w ||p|| 00 A i 



E w (|G a 



[z-x,x 



>)<(- 



min{M(0),M(l)}A 
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These two examples show how to prove the boundedness of an averaged frac- 
tional power of some Green's function elements if the single-site potential is 
non-negative. If the single-site potential changes its sign, the diagonal matrix 
on the right hand side of Eq. (3.3) is no longer positive definite, and as a con- 
sequence Lemma 3.5 is not applicable. For this reason one has to develop new 
techniques for non-monotone spectral averaging in order to prove the bounded- 
ness of Green's function. 

In the one-dimensional situation it turns out that certain matrix elements of 
the resolvent may be represented as an inverse of a determinant. To estimate 
the expectation of a fractional power of these Green's function elements, we 
will use the following averaging lemma for determinants. More precisely, if 
= {0, 1, . . . , n — 1} we will apply Lemma 3.1, while for arbitrary finite O we 
shall need a slight extension formulated in Lemma 3.2. 

Lemma 3.1. Let jiGN and A, V G C nxn be two matrices and assume that V 
is invertible. Let further < p G L 1 (R) n L°°(R) and s G (0, 1) . Then we have 
for all A > the bound 

\det(A + rV)r /n p(r)dr < |det V\~ s/n \\p\\%'\\p\\l%^- (3.4) 

2X 1 - 3 



<|detvr /B (A-'|H| L i + — IHU). (3.5) 



Proof. Since V is invertible, the function r h-> det(A + rV) is a polynomial 
of order n and thus the set {r G R : A + rV is singular} is a discrete subset 
of R with Lebesgue measure zero. We denote the roots of the polynomial by 
zi, . . . , z n G C. By multilinearity of the determinant we have 



\det(A + rV)\ = |det V\ J]jr - zj\ > |det V\ JJ|r - Re 

3 = 1 3=1 



Z 3\ 



The Holder inequality implies for s G (0, 1) that 

r n / f \ V™ 

/ \det(A + rV)\~ s/n p(r)dr < \detV\~ s/n JJ / \r - Re Zj \- S p(r)dr 
Jr - =1 \Jr 

For arbitrary A > and all z G R we have 

/ I — 1 -^iP(r)dr = I - — ^p(r)dr + / - — ^p(r)dr 
jR\r-z\ J \r-z\ J \r-z\ 

\r-z\>\ \r-z\<\ 



<A-||p|| L i + 



1-s' 
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which gives Ineq. (3.5). We now choose A = sj|p||x,i/ (SUpHoo) (which minimizes 
the right hand side of Ineq. (3.5)) and obtain Ineq. (3.4). ■ 

Lemma 3.2. Let N,n G N and A,V ,V 1 , . . . ,V N e C nxn be matrices. Let 
( a k)k=o ^ R 7 ^ 1 with ao 7^ 0. Assume that ^2k=o a k^k is invertible. Let further 



o < p e L\R)nL c 

Then, 



with supp p C [-R, R], R> 0, ||p|| L i = 1 and t e (0, 1). 



f N -t/n N 

1= \det(A + YnvM ' "TTp^dr. 

Jr n + 1 V ^ Jl to 



< 



det 

fc=0 

Proof. Substituting 
f r \ ( x Q \ 



o 

N -t/n I I 

(y^a k V k )\ |a | i (l+ max 



m 2H- 1 



i6{l,.. ., AT} a 



(2i2) 



(JV+l)t 
oo 



ri 



w 

we obtain 



T 



Xi 



\xn/ 



( a • • • 

«2 ao 

\ajv 

TV 



0\ /z \ 



ao 
a / 



\x N J 



( CiQXQ \ 

ot\Xo + ao^i 
a 2 a;o + a x 2 

\a N x + a x N J 



-t/n 



det( A + xo^ajVi) g(x ,. . . ,x N )dx \ \a \ N+1 dx 1 . . . dx N 



i=0 



where A = A + a Xlili x ^ and fi^o, • • • , £/v) = p(«o^o) flili p(®iXo + a Xi). 



N 



Since xq >->■ g(xo, . . . ,xjv) is an element of L 1 (M)nL° 
3.1 and obtain for all A > 



/v 

/< |det(^a^) 



i=0 
N 



-t/n 



— w — dx + sup g 

A 1 — t XoG R 



we may apply Lemma 

(x ,x))\ 



a 



7V+1 



dx 



det (j^a* W)| ( 

i=0 



-*/»»/, , 2A 1 "* 



sup ^(^o, x)|ao| 7V+1 dx) 



with da; = dxi...dx/v and g(x ,x) = g(x , xi, . . . , x^). We use supp p C 
[—R,R] and see that if \xj\ > RWT" 1 ^ holds for some j = 0,...,N, then 
we have g(xo, . . . , xn) = 0. Thus it is sufficient to integrate over the cube 
[-i^IlT -1 !!^,^!^ -1 !!^]^. We estimate sup xo€R ^(x , ... ,x N ) < ||p||^ +1 and 
choose A = t/(2 \\p\\^ +1 \a£ +1 \(2R IIT^ 1 !!)^). The row-sum norm of T" 1 equals 
llT^Hoo = max !g{lr .. iJV} (laol" 1 + |a i /a ; |). ■ 
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3.1. Spectral averaging and Schur complement 



Lemma 3.1 can be used to obtain the following averaging result for resolvents, 
which will be an important tool for the mult i- dimensional case. 

Lemma 3.3. Let n GN, A G C nxn an arbitrary matrix, V G C nxn an invertible 
matrix and s G (0, 1). Let further < p G L 1 (R) D L°° (R) with suppp C [--R, -R] 
/or some i? > 0. T/ien we /iawe £/ie bounds 

n-1 



and 



IV-II < ^ (3.6) 



" |M + rVO-ir^Jdr < Mll^. (3.7) 

• ■' ^ V ; _ s s 2- s 1 - s) dety s/ " 



Proof. To prove Ineq. (3.6) let < si < s 2 < • • • < Sn be the singular values of 
V. Then we have Yl7=i s * — s i s n~ 1 ' that i s ; 

1 s n_1 

- < TW ' (3-8) 



For the norm we have 1 1 X-^ 1 1 1 = 1/ s\ and ||V|| = s n . For the determinant of V 
we have | det V | = YYi=i s i- Hence, Ineq. (3.6) follows from Ineq. (3.8). To prove 
Ineq. (3.7) recall that, since V is invertible, the set {r G R: A + rV is singular} 
is a discrete set. Thus, for almost all r G [—it!, -R] we may apply Ineq. (3.6) to 
the matrix A + rV and obtain 

A + rVn-ill^ < ^±gg 
; 11 " |det(A + ry)|*/" ' 

Inequality (3.7) now follows from Lemma 3.1. ■ 

The assumption that the single-site potential u is monotone at the boundary 
(cf. Assumption (C)) allows us to use monotone spectral averaging at some stage. 
For this purpose we cite a special case of [AEN+06, Proposition 3.1]. Recall, a 
densely defined operator T on some Hilbert space T-L with inner product (-,-)n 
is called dissipative if lm(x, Tx)u > for all x G D(T). 

Lemma 3.4. Let A G C nxn be a dissipative matrix, V G ]R nxn diagonal and 
strictly positive definite and M\ . M-j G C nxn be arbitrary matrices. Then there 
exists a constant Cw (independent of n, A, V, Mi and M 2 ), such that 

£({rGK: ||Mi(A + rV)- 1 M 2 \\ HS > t}) < C w \\M 1 V' 1/2 \\ H s\\M 2 V- 1/2 \\ HS ^ 
Here, C denotes the Lebesgue-measure and ||-||hs the Hilbert Schmidt norm. 
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As a corollary we have 

Lemma 3.5. Let A G C nxn be a dissipative matrix, V G R riXri diagonal and 
strictly positive definite, M 1; M 2 G C nxri be arbitrary matrices and p G L°°(R) n 
L 1 (M) non-negative with \\pWl 1 = 1- Then there exists a constant Cw (indepen- 
dent of A, V, Mi and M 2 ), such that 



WM + rV)-'M 4 >p(r) d r < WglgW 



/ 

Proof. First note that for a matrix T G C raxra we have ||T|| < ||T||hs < V^ll^ll- 
With the use of the layer cake representation, see e.g. [LL01, p. 26], and Lemma 
3.4 we obtain for all k > 

/= [ \\M 1 (A + rV)- 1 M 2 \\ s p(r)dr = [ [ l mh (A + rV)-^M 2 \\s>t}p(r)drdt 
Jr Jo Jr 

poo 1 

<k+ / WpW^uCwWm^-^wwmzV-^w Ws dt 

J K " 

= k + \\p\\ QO nC w \\M 1 V- 1/2 \\\\M 2 V- 1/2 \\-^^ s - 1 ^ s . 

L S 

If we choose k = (||p||oo«Cw||^i^ / ~ 1 ' /2 || ||^2^" 1//2 ||) s we obtain the statement 
of the lemma. ■ 

The above estimates on spectral averaging concern finite-dimensional matrices 
only. In order to use these estimates for our infinite-dimensional operator G u (z), 
we will use a variant of the Schur complement formula (also known as the 
Feshbach formula or Grushin problem), cf. [BHS07, Appendix]. 

Lemma 3.6. Let A C T C Z d and A finite. Then we have for all z G C \ R the 

identity 

p r A (H r -z)- 1 L r A =(H A -B£- Z y\ 

where B^ : £ 2 (A) — > (A) is specified in Eq. (3.9). Moreover, the operator is 
independent ofV u (k), k G A. 

Proof. We consider Hr — z as the block operator matrix 

H _ z= ( H A-Z -p T A A T L^ A 

r ' " V^r\A A r^A H r\r - z 
Since A is finite, H A is bounded and the Schur complement formula gives 

p A {H r - z)' l i T A = H A -z- p A A r Lf\ A (H r \ A - 2;)"Vr\A A riA , 
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compare, e.g., [BHS07, Appendix]. For A C V C Z d we define 

B£ := p T A A T L r TXA (H T \ A - z) _1 ^ A A r ^. (3.9a) 



For the matrix elements of one calculates 



if x <£ d l A V y £ d% 

(6 x ,B£6 y ) = t £ G r \ A (z;k,l) if x G d l A A y G d l A. ( 3 - 9b ) 



feGr\A: !er\A: 

\k-x\ = l \l-y\ = l 



G r \A is independent of V UJ (k), k G A. Thus it is also B^. ■ 

Lemma 3.7. Let T C Z d and Ai C A 2 C T. We assume that Ai and A 2 are 
/imte sets and £na£ (<9'A 2 ) fl Ai = 0. Tnen we have for all z G C \ M tae identity 



p Al (H r -z)-h Al 



H Al - z 



PAi A^A 2 \Ai (#A 2 \Ai - ^ - PA^Ai-^r^AaXAi) PA 2 \Ai At Al 



-1 



Proof. We decompose A 2 = A x U (A 2 \ A x ) and notice that {S x ,B^ 2 S y } = if 
x G A x or y G A 1 by Eq. (3.9b) and our hypothesis (<9'A 2 ) fl Ai = 0. Due to this 
decomposition we write H A2 — z — B^ 2 as the block operator matrix 



H A2 -z- B$ 2 



H Al — z —p Al At A2 \ Al 



A 2 .A 2 



-Pa 2 \Ai Ai Al H A2 \ Al - z - P A l\ Al B r 2 i AAAi 



The Schur complement formula gives p A 2 (H A2 — z — B^ 2 ) 1 t 1 Al = S 1 where S 
equals 

H Al - z- PAi Al a , 2 \ Ai (H A2 \ Al - z - pll^B^Lll^J^p^^AL^. 

Since p A 2 (H A2 — z — B^ 2 )" 1 ^ = p Ai (ifr — -2)~ 1 6 Al by Lemma 3.6, we obtain 
the statement of the lemma. ■ 



3.2. The one-dimensional case 

In this section we prove exponential localization for the discrete alloy-type model 
under Assumptions (A) and (B). Although Assumption (A) is more restrictive 
than Assumption (B), we first prove the exponential decay of fractional moments 
under Assumption (A) in Section 3.2.1 and 3.2.2, since the spectral averaging 
step is more transparent and the constants are more explicit. In Section 3.2.3 
we generalize this result to general finitely supported single-site potentials. 



35 



3. Fractional moment method for discrete alloy-type models 



In Section 3.2.4 we conclude exponential localization in the strong disorder 
regime by using the results from Section 3.5, where the implication from ex- 
ponential decay of fractional moments to exponential localization is proven for 
arbitrary dimension dGN. 

In the one-dimensional situation it is natural to ask whether it is possible to 
extract a positive part from the random potential in such a way, that the original 
methods (with monotone spectral averaging) for deriving fractional moment 
bounds apply. It turns out that this is not possible in general (even in one 
space dimension) but that the corresponding class of single-site potentials can 
be characterized in the following way. If the polynomial p u (x) := Ylk=o u (^) xk 
does not vanish on [0, oo) it is possible to extract from V u a positive single- 
site potential with certain additional properties. In this situation the method 
of [AEN + 06] applies and gives exponential decay of fractional moments of the 
Green function. This is worked out in detail in Section 3.2.5. 

Let us emphasize that our proof of exponential decay of fractional moments in 
the one-dimensional case nowhere uses monotonicity in the sense of a monotone 
spectral averaging. The main tool which allows us to get along without the use 
of any monotonicity property is an averaging result for determinants formulated 
in Lemma 3.1. 

3.2.1. Boundedness of fractional moments 

A very useful information in the one-dimensional case is that certain matrix el- 
ements of the resolvent are given by the inverse of a determinant, which makes 
Lemma 3.1 and Lemma 3.2 applicable. In order to work out this specific struc- 
ture we will apply the Schur complement formula as given in Lemma 3.6. 

A set T C Z is called connected if <9T C {inf r,supT}. In particular, Z is a 
connected set. 

Lemma 3.8. Let Assumption (A) be satisfied, s G (0,1), and Y C Z be con- 
nected. Then, 

(i) for every pair x,x + n — 1 G T and all z G C \ R we have 

E {x} (\G r (z;x,x + n-l)\ s / n ) < ^ = : C w (3.10) 

(ii) if 1 < |T| < n, we have for all z G C \ M the bound 

E {7o} {|G r (^ 7 o,7i)| s/ "} < C+C+ max{A~ s , \~ s/n } =: C^ p (3.11) 
where 70 = minT and 71 = maxT. 
The constants C u , C p , C+ and are given in Eq. (3.12) and (3.13). 
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3.2. The one-dimensional case 



Proof. We start with the first statement of the lemma. By assumption x, x + 
n — 1 G T. We apply Lemma 3.6 with A = {x, x + 1, . . . ,x + n — 1} C T (since 
T is connected) and obtain for all x, y G A 

G r (z; x, y) = (6 X , (H A - B$ - z)-\) , 

where the operator B$ is given by Eq. (3.9). Set D = H A — -Bf ~~ z an d notice 
that 



D 



/V w (x) 
-1 

V 



-1 V u (x + n-l)J 



V 



- z, 



b 2 J 



where b\ = (5 X ,B^S X ) and b 2 = (S x+n -i, B^ 5 x+n -i), and where only the non- 
zero matrix elements are plotted. By Cramer's rule we have Gr(z;x,y) = 
det Cy <x / det D. Here, Cij = (— l) l+ - 7 'Mj j _ 7 - and M it j is obtained from the tridi- 
agonal matrix D by deleting row % and column j. Thus C x+n _i iX is a lower 
triangular matrix with determinant ±1. Hence, 



\Gr(z; x, x + n — 1)| 



1 



det£> 



Since = supp u — {0, . . . , n — 1}, every potential value V u (k), k G A, depends 
on the random variable u x , while the operator B^ is independent of u x . Thus 
we may write D as a sum of two matrices 

D = A + u x \V, 

where V G M riXra is diagonal with the elements u(k — x), k — x, . . . ,x + n — 1, 
and A := D — u x \V . Since A is independent of u x we may apply Lemma 3.1 
and obtain for all s G (0, 1) the estimate (3.10) with 



\l[u(k) 



kee 



-s/n 



and C n 



2 s s~ 



(3.12) 



The proof of Ineq. (3.11) is similar but does not require Lemma 3.6. We have 
the decomposition H T - z = A + u 7o XV, where m = 71 - 70, V G R( m + 1 )><(™+ 1 ) 
is diagonal with elements u(k — 70), k — 70, . . . , 71, and A := Hy — 2 — w 70 XV is 
independent of w 70 . By Cramer's rule and Lemma 3.1 we obtain for all t G (0, 1) 



E {7o} (|Gr(^;7o,7i)l* /(m+1) )<|n^) 

fc=0 



-t/(m+l) 
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We choose t = s 22 ^- < s and obtain Ineq. (3.11) with the constants 

= rrmx\l[u(k) and C p + = max{ ||p||^, ||p||^}---. (3.13) 



fc=0 

In the final step we have used s > t and the monotonicity of the function 
(0,l)9i42V7(l-i). ■ 

3.2.2. Exponential decay of fractional moments 

To conclude exponential decay from the boundedness estimates of Lemma 3.8, 
we use so-called "depleted" Hamiltonians to formulate a geometric resolvent 
formula. Such Hamiltonians are obtained by setting to zero the "hopping terms" 
of the Laplacian along a collection of bonds. More precisely, let A C T C Z be 
arbitrary sets. We define the depleted Laplace operator Af : £ 2 (T) — > i 2 (V) by 



(6 x ,A r 6 v ) := 



if x e A, yeT\AoryeA, x eT\A, 

(5 X , A r 5 y ) else. 



In other words, the hopping terms which connect A with T \ A or vice versa are 
deleted. The depleted Hamiltonian if- : £ 2 (T) — » £ 2 (T) is then defined by 

H A := -Ap + V r . 

Let further Tp := A r — Ap 1 be the difference between the the "full" Laplace 
operator and the depleted Laplace operator. Analogously to Eq. (2.1) we use 
the notation G$(z) := (H£ - z)- 1 and G$(z;x,y) := (6 x ,G$(z)6 v ). The second 
resolvent identity yields for arbitrary sets AcTcZ 

G r (z) = G$(z) + G r (z)TfG£(z) (3.14) 

= G£(z) + G£(z)TfG r (z). (3.15) 

In the following we will use that G^(z;x,y) = G\(z;x,y) for all x,y G A and 
that G£(z;x,y) = if x E A and y £ A or vice versa. Thes two properties 
follow from the fact that H- is block-diagonal, 

Lemma 3.9. Let Assumption (A) be satisfied, T C Z be connected, and s G 
(0, 1). Then we have for all x,y G T with y — x > n, A = {x+n, x+n+1, . . . }C\F 
and all z G C \ R the bound 

E {x} (\G r (z; x, y)\ s / n ) < C x ^ p ■ \G A (z; x + n, y)\ s ' n . 

In particular, 

E(\G r (z;x,y)\ s / n )<C x , u , p -E(\G A (z;x + n,y)\^ n ). (3.16) 
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Proof. Our starting point is Eq. (3.14). Taking the matrix element (x,y) yields 

G r (z;x,y) = G^(z;x,y) + (5 x ,G T (z)T^(z)5 y ). 

Since x G" A and y G A, the first summand on the right vanishes as the depleted 
Green function Gp(z;x,y) decouples x and y. For the second summand we 
calculate 



Gr(z; x, y) = Gr(z; x, x + n — l)G F (z; x + n,y) 
= Gr(z; x, x + n — l)G\(z; x + n,y). 



(3.17) 



The second factor is independent of u x . Thus, taking expectation with respect 
to uj x bounds the first factor using Ineq. (3.10) and the proof is complete. ■ 

Lemma 3.10. Let Assumption (A) be satisfied, T = {x,x + 1, ...}, y G T with 
n < y — x < 2n, and s G (0, 1). Then we have for all z G C \ R the bound 



E {y _ n+1>x} (\G r (z;x,y)\ s / n ) < C+C^. 



(3.18) 



Proof. The starting point is Eq. (3.15). Choosing A = {x, . . . , y — n} gives 
analoguously to Eq. (3.17) 

G r (z; x, y) = G A (z; x, y - n)G r (z; y-n + l,y). 

Since G^(z; x,y — n) depends only on the potential values at lattice sites in A, it 
is independent oiu y - n +i. We take expectation with respect to u y - n+ i to bound 
the second factor of the above identity using Ineq. (3.10). Since 1 < |A| < n 
by assumption, we may apply Ineq. (3.11) to G\(z;x,y — n) which finishes the 
proof. ■ 

Theorem 3.11. Let Assumption (A) be satisfied, Y C Z connected and s G 
(0, 1). Assume 



a/a 



n— 1 



A 



< 



2s" 



— \\[< k ) 



k=0 



1/n 



(3.19) 



Then /i — — In Cx, u ,p is strictly positive and we have for all x,y G T with \x—y\ > 
2n and all z G C \ R the bound 



E(\G r (z;x,y)\''») < C7+ exp 





\x - y\ 


1 








n 





Here, \_-\ is for m G R defined by \m\ := max{/c G Z | k < m}. 
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Remark 3.12. The statement of Theorem 3.11 holds also true if the density 
function p is not compactly supported since Lemma 3.1 holds true for non- 
compactly supported functions p. This is formulated in [ETV11]. Notice, if p 
(and hence the measure v) is not compactly supported, then one has to be careful 
about the domain of the family of self-adjoint operators H^. In particular, 
is essentially self-adjoint on the compactly supported sequences, see [Kir08a]. 

Proof of Theorem 3.11. The constant p is larger than zero since C\ tU ,p < 1 by 
assumption. By symmetry we assume without loss of generality y — x > 2n. 
In order to estimate E(|Gt(z; x, y)\ s ^ n ), we iterate Eq. (3.16) of Lemma 3.9 
and finally use Eq. (3.18) of Lemma 3.10 for the last step. Figure 3.1 shows 
this procedure schematically. We choose p — [(y — x)/n\ — 1 e N such that 



Lemma 3.9 Lemma 3.10 




x x + n x + 2n x + (p — l)ny — 2n x + pn y - n y 



Figure 3.1.: Illustration to the proof of Theorem 3.11 



y — 2n < x + pn < y — n. We iterate Eq. (3.16) exactly p times and obtain 

E ( | G r (z; x, y) \ s ' n ) < C\^ p • E ( | G Ap (z; x + pn, y ) | s ' n ) 

where A p = {x + pn, x + pn + 1, . . . }. Now the first p jumps of Fig. 3.1 are done 
and it remains to estimate K(\Ga p (z; x+pn, y)\ s ^ n ) . Since n < y — (x+pn) < 2n 
and A p = {x + pn, x + pn + 1, . . . } we may apply Lemma 3.10 and get 

E(\G r (z;x,y)\"») < C^C^ = C^ p e^ c ^. ■ 
3.2.3. General single-site potentials 

We now want to get rid of the assumption that = {0, 1, . . . ,n — 1}, i.e. we 
want to consider the case where is still finite but not necessarily connected, 
and prove an analogue of Theorem 3.11 in this case. By translation, we assume 
without loss of generality that min = and max = n — 1 for some n G N. 
Furthermore, we define 

r :=max{n+l G N: 3 a e {1, 2, . . . , n - 1} : {a, . . . , a + n} n = 0}. (3.20) 

Here we use the convention that max0 = 0. Thus r is the number of elements 
of the largest gap in 0, and r = if is the connected set {0, 1, . . . , n — 1}. 

To illustrate the difficulties arising for non-connected supports we consider 
an example. Suppose = {0, 2, 3, . . . , n — 1} so that r — 1. If we set A = 
{0, . . . , n — 1} there is no decomposition H^ — B^ = A + ujq\V with an invertible 
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V. If we set A = {0, . . . , n — 1 + r} = {0, . . . , n} we observe that every diagonal 
element of H\ depends at least on one of the variables oj q and u>i = u r , while 
the elements of -Bp (which appear after applying Lemma 3.6) are independent 
of Uk, k G {0, ...,r} = {0,1}. Thus we have a decomposition — Bp = 
A + u \Vo + W1AV1, where A is independent of u k , k G {0, 1}, and for alH G A 
either V (i) or V\{i) is not zero. As a consequence there is an a G R such that 
Vq + ctVi is invertible on £ 2 (A). This makes Lemma 3.2 applicable and we can 
prove the following analogues of Lemma 3.8 and Theorem 3.11. 

Lemma 3.13. Let Assumption (B) be satisfied and Y C Z be connected. Let 
further r be as in Eq. (3.20) and s G (0, 1). Then there exists a constant D = 
D(X, u, p, s, r) such that for all x,x + n — 1 + r G T and z G C \ R 

E { x,...,x+r} (|G r (^; x, x + n - 1 + r )\ s l^) < D . (3.21) 

The constant D is characterized in Eq. (3.23) and estimated in Ineq. (3.25). 
If 1 < |r| < n + r with 70 = minT and 71 = maxT there exists a constant 
D + = D + (\, u, p, s, r) such that for all z G C \ R 

%7o,..Wl G r(^;7o,7i)| s/(n+r) ) < (3.22) 

T/ie constant D + is characterized in Eq. (3.26) and estimated in Ineq. (3.27). 

Proof. The proof is similar to the proof of Lemma 3.8. Apply Lemma 3.6 with 
A = {x, x + 1, . . . ,x + n — 1 + r} and Cramer's rule to get \Gr(z; x, x + n — 
1 + r) I = 1/ |det B\ where B = H A — B^ — z. Note that -Bp is independent of 
Uk, k G {x, . . . , x + r}. We have the decomposition B = A + X Y^k^^x+kYk 
where the elements of the diagonal matrices 14 G ]R( n + r ) x ( n + r ) ) k — 0, . . . ,r, are 
given by V k (i) — u{i — k), % — 0, . . . , n — 1 + r, and A = B - A Y.l=o ^x+kVk is 
independent of k G {x, . . . , x + r}. We apply Lemma 3.2 and obtain for all 
a = (ak) r k=0 G M = {a G M r+1 : a ^ 0, Ylk=o a kVk is invertible} the bound 
E {x _ x+r} (\G r (z;x,x + n-l + r)\ s /^) < D a where 

1+ max M Y[ \^a k Xu(i-k)~^ r . 
ie{i,..,r} \a \ J 11 1^ 

The set M is non-empty and equal to the set {a G W +1 : a ^ 0, -D a is finite}. 
Thus Ineq. (3.21) holds with the constant 

D := inf D a . (3.23) 

In the following we establish an upper bound for D. Using a volume com- 
parison criterion we can find a vector a' = (a' k ) r k=0 G [0, l] r+1 which has to 
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H{ Vol(W) = 1 

Vol(Ui^) < (n + r)(r + l) r/2 e 
#n-i+r Vol(VF \ Uifl-f) > 1 - (n + r)(r + l) r / 2 e 



Figure 3.2.: Sketch of the existence of a vector a' G W = [0, l] r+1 with the desired 
properties: Let H\ denote the e-neighborhood of the hyperplane Hi = 
{a G W | X^fc=o a k u (i — k) = 0} for i G {0, . . . , n — 1 + r}. Since 
the volume of W \ Uji?| is positive if e is smaller than (n + r) _1 (r + 
l)~ r / 2 = rf 0) we conclude (using continuity) that there is a vector a' 
whose distance to each hyperplane Hi, i G {0, . . . , n — 1 + r}, is at least 
d /2. 



each hyperplane EI=o «fcw(2 — k) — 0, i = 0, . . . , n — 1 + r, at least the Eu- 
clidean distance (2(n + r)(r + l) r / 2 ) -1 , as outlined in Fig. 3.2. This implies 
«d — + r )( r + l) r ^ 2 ) -1 since the hyperplane for % = is a = 0. With this 
choice of a and the notation Ui = (u(i — k)) r k=0 , i G {0, . . . , n — 1 + r}, we have 



n— 1+r r 



i=0 fc=0 



n— 1+r 



n||/2 



[2(n + r)(r + l) r / 2 ] 



i=0 



< 



n 



n— 1+r 




(ELo^-*0 ; 



2(n+r) 



(3.24) 



where (•, -) 2 denotes the standard Euclidean scalar product. Now we choose 
a — a' and obtain 



D < 



(r+l)s 
oo 



{2Ry 



t 2's-'(l + 2{n + r)(r + l) r / 2 ) rs [2{n + r)(r + l) r / 2 ] ' 



n 



n— 1+r 
i=0 



E 



fc=0 



k)' 



2(n+r) 



(3.25) 

The proof of the second statement is similar but without use of Lemma 3.6. 
By Cramer's rule we get \Gr(z; 70, 71) | = l/|det(i?r — z)\. Set I — 71 — 70 . We 
have the decomposition H^ — z = A + \ E^o^To+fc^ where the elements of the 
diagonal matrices 14 G R( Z+1 ) X ( J+1 ) ) k = 0, . . . , r, are given by Vfc(*) — — 
i G {0, . . . , /}, and A = H r — z — \ Y^k=o ^lo+k^k is independent of Uk, k G 
{x, . . . ,x + r}. We apply Lemma 3.2 with t = and obtain (using s > t) 
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for all a = (ak) r k=0 G M = {a G M r+1 : «o 7^ 0, Efc=o afe ^ * s invertible} that 
E {70) ... i70+r} (|G r (^7o, 7 i)| s/(n+r) ) < D+(l) where 



^(0 = IIpIIc 



, (r + l)(i+l) 

> i 

n+r 



(2RY 



r(i + l) 2 S S" 



n+r 



1 - s 



n+r 



1 + max 



i6{l,...,r} |a | 



i=0 fc=0 



n + r 



Since M D M for each / G 0, ...n — 1 + r the set M is non-empty. Thus 
Ineq. (3.22) holds with the constant 



D + : = max inf D+(l). 

le{0,...,n-l+r} a&M 



(3.26) 



We again choose a = a' as in Fig. 3.2, use a' k G [0, 1] and a' > (2(n + r)(r + 
l) r / 2 ) -1 , estimate similar to Ineq. (3.24), and obtain 



max 

ie{0,...,n-l+r} 



,(r + l)(i+l) 



1 + 2(1 + l)(r + iy/ 2 } sr [2(1 + 1) (r + l)^ 2 ] " 



(2i2)-^2- S -(l - s) nU ELo A«(< - fe) 



2(n+r) 



(3.27) 



which ends the proof. 



Theorem 3.14. Let Assumption (B) be satisfied, Y C Z connected, s G (0, 1), 
r as in Eg. (3.20), and -D and £> + tae constants from Lemma 3.13. Assume 
D < 1 . Tnen m = — In D is strictly positive and we have the bound 





\x - y\ 


1 








n + r 





E(|Gr(^;a;,n)| s /( n+r )) <£>+expj-m 

for all x, y G Z wn'tn |x — y| > 2(n + r) and aZZ 2; G C \ R. 

Remark 3.15. The assumption D < 1 can be achieved by choosing A sufficiently 
large, see Ineq. (3.25). 

Remark 3.16. The statement of Lemma 3.2 and so also Theorem 3.14 can be 
proven if p is not compactly supported, but in the Sobolev space r+ 1,1 (IR). This 
is formulated in [ETV10]. 

Proof of Theorem 3.14- The proof is similar to the proof of Theorem 3.11. We 
again assume y > x. Let Yi C Z be connected. Using Eq. (3.14) with A = 
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{x + n + r, . . . } fl Ti and Lemma 3.13 we have for all pairs x,y G r\ with 

y — x > n + r 

E(\G ri {z;x,y)\ s/{n+r) ) < D E(\G A (z;x + n + r,y)\ s ^ n+r ^) (3.28) 

which is the analogue to Lemma 3.9. Now, let T 2 = {x,x + 1, . . . } and y G T 2 
with n + r < y — x < 2{n + r). By Eq. (3.15) with A = {x, . . . ,y — (n + r)} and 
Lemma 3.13 we have 

E{\G r2 (z;x,y)\ s ^) < DD + (3.29) 

which is the analogue of Lemma 3.10. Iterating Eq. (3.28) exactly p — [(y — 
x)/(n + r)J — 1 times, starting with T 1 = T, and finally using Eq. (3.29) once 
gives the statement of the theorem. ■ 

3.2.4. A priori bound and exponential localization 

The statements of Theorem 3.11 and 3.14 concern only off-diagonal elements of 
the Green function. The next theorem shows a global uniform bound on (x, y) \— > 
K(\Gt(z; x, y)\ s ) for s > sufficiently small. We use the notation Uj(x) = 
u(x — j), j, x G Z, for the translated function as well as for the corresponding 
multiplication operator. 

Theorem 3.17. Let Assumption (B) be satisfied, Y C Z be connected and 
s G (0, 1). Then there is a positive constant C = C(X,u,p, s) such that for all 
x,y G T and all z G C \ R we have 

E(\G T (z;x,y)\ s ^)<C. 

Proof. To avoid notation we assume T = Z. Since supp p C [— R, R], H u is 
a bounded operator. Set m = \\H U \\ + 1. If \z\ > m, we use ||G a; (2;)|| = 
su PAeo-(H„) 1-^ — A' 1 — 1 an d obtain the statement of the theorem. Thus it is 
sufficient to consider \z\ < m. If \x — y\ > 4n Theorem 3.14 applies, since r < n. 
We thus only consider the case \x — y\ < An — 1. By translation we assume 
x = and by symmetry y > 0. Set A + = { — 1, . . . , 4n} and A = {0, . . . , 4n — 1}. 
Lemma 3.6 with A 1 — A and A 2 = A + gives 

PaGuj^la = (h a - z -p A Ai d i A+ (K - z)~ l p aiA+ Ai A ) (3.30) 

where 

K = H 9iA+ - p^ A+ 4iA + 

and (5 x ,Br + 5y} = J2ker\A+,\k-x\=i( 5 k, (H r \A+ - z)' l 5 k ) if x = y and x G <9A + = 
{ — 1, 4n}, and zero else. Note that B% + is independent of u k , k G { — 1, . . . , 3n + 
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1}, and K is independent of u k , k G {0, . . . , 3n}. Thus, in matrix representation 
with respect to the canonical basis, the operator K : £ 2 (<9A + ) — > £ 2 (dA + ) may 
be decomposed as 



K 



w_iAu(0) 

u) 3n+1 \u(n - 1) 



fi 

h 



where /i := Ylkei\{-i} Uk^u(-l-k) — (8-i, B z + 5-i) and f 2 := E fce z\{3n+i} 
u(An — k) — (5 4n , _B z + 5 4 „) are independent of w_i and w 3n+ i. Standard spectral 
averaging or Lemma 3.1 gives for all t G (0, 1) 

^^(iK^-^ir) <A-«(|«(0)|-* +|«(n-l)|-«) 



t ZH- 1 
°°l-t' 



Now, the operator H A can be decomposed as H A = A + Efc=o WfeA-Ufc wriere 
A := H A — Efc=o to ' fcA ' Ufc is independent of u k , /c G {0, ...,3n}. Let a : = 
(afc)l=o G [0, l] 3n+1 with a ^ 0. Similarly to the proof of Lemma 3.2, we 
use the substitution ojq = aoCo and Ui = a.^ + aoQ for i G {1, . . . , 3n} and 
obtain from Eq. (3.30) 



S:=E {0 ,..., 3 n}(||pAG' U) (z) tA || s/(4 " ) ) 



< 



< 



i3n+l 



J \\(H A -z-p A Ap* dA+ {K - z)~ l p A dA+ Ap A ) 



-i 



s/(4n) 



dcun . . . dw 



3 71 



3n+l 



3n 





s/(4n) 


r 


«0 



fc=0 



3n+r 



dCo-.-dC; 



3», 



where S 1 = R(l + max ie {i v .. i3n } \ai/a \)/\a \ and A' = A + a Efc=i 0fc A «fc 



2; — p A ApQ A+ (K — z) 1 pQ A+ Ap* A . Since Ui=o su PP Ui = ^ there exists an 
a G [0, l] 3n+1 such that Y^k=Q a kU k is invertible on £ 2 (A), compare the proof 
of Lemma 3.13 and Figure 3.2. Thus we may apply Lemma 3.3 and obtain 



E < 



3n+l 



2(ll^'ll+5||E£o«fcA« fc 



i(4n-l)/(4n) 



-S,S] 3 



s'S-^l - s)\det(J2 3 k n =0 a k Xu k 



s/(4n) 



■dCi-.-dCsn. (3-32) 



Using Cfc G [-S, S] for Jfe G {1, ... , 3n}, w fe G [-#, i2] for jfe G Z\ {0, . . . , 3n} and 
«fc G [0, 1] for A; G {0, ... , 3n}, the norm of A' can be estimated as 



\A'\ 



3n 



3n 



k=0 



k=l 
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< 2 + (n - l)i?A|H|oo + SSnAIHIoo+m + 4\\(K - z^ll . (3.33) 



All terms in the sum (3.33) are independent of ( k , k G {0, ...,3n}. Using 
(SKI)' ^ Z]l a «l* for t < 1 we see from Ineq. (3.32) and (3.33) that there are 
constants d and C 2 such that E < Cx + CalK^ -*) _1 || s(4n ~ 1)/(4n) - If we average 
over cu_! and u> 3n +i, Ineq. (3.31) gives the desired result. ■ 

We can now conclude exponential localization for the one-dimensional case. 

Theorem 3.18. Let one of the following assumptions be satisfied: 

(i) Let Assumption (A) be satisfied and 



oo (1-*) 1/S 



A 2s" 



n— 1 , , 

I -r-r 1 n 

n«(*) 

k=0 



(ii) Let Assumption (B) be satisfied and A be sufficiently large. 

Then, for almost all ui G Vt, H u exhibits exponential localization. 

Proof. By our assumptions and Theorem 3.11, 3.14 and 3.17, we conclude that 
the hypothesis of Theorem 2.4 is satisfied. This gives the result. ■ 



3.2.5. Reduction to the monotone case 

In this subsection we discuss whether a special transformation of random vari- 
ables allows us to extract a positive part of the potential, which makes monotone 
spectral averaging applicable. First we present a criterion which ensures that an 
appropriate one-parameter family of positive potentials can be extracted from 
the random potential V u . 

Lemma 3.19. Let Assumption (B) be satisfied, such that 

n-l 

u = ^2u{k)5 k : Z ->• R. 

k=0 

Then the following statements are equivalent. 

(a) There exists an N G N and real a , . . . , such that w := u * a := a u + 
■ ■ ■ + oi^um is a non-negative function and w(0) > 0, w(N + n — 1) > 
hold. 

(b) There exists an M G N and real 70, ... , 7m such that v :— u * 7 := 70M0 + 
• • • + ImUm is a non-negative function and suppf = {0, . . . , M + n — 1} 
holds. 
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(c) The polynomial C9z4 Pu(z) '■= X]fc=o u (k)z k has n o roots in [0, oo). 

Note, if u(0) 7^ and u(n -1)^0, then {0, . . . , M + n - 1} is the union of 
the supports of uo, . . . ,um- If (a) or (b) hold we may assume that |ao| or |7o| 
equals one. 

Proof. If (a) holds, one may choose v(x) = Yl?j=o~ 2 w ( x ~ j) to conclude (b). 
Thus it is sufficient to show (b)4=>(c). Using Fourier transform and the identity 
theorem for holomorphic functions one sees that (b) is equivalent to 

(d) There exists anMel and real 70, ... , 7m such that all coefficients of the 
polynomial p u (z) ■ X^ioT?' 21 " 7 ' are strictly positive. 

If (d) holds, p u (x) ■ YljLolj^ is strictly positive for x £ [0, 00). Thus its divisor 
p u has no root in [0, 00) and one concludes (c). Assuming (c), one infers from 
Corollary 2.7 of [MS69] that there exists a polynomial p such that p u ■ p has 
strictly positive coefficients. Choosing M = deg(p) and 70,..., 7m to be the 
coefficients of p leads to (d). ■ 

If the random potential V u contains a positive building block w as in (a) of 
the previous lemma, one obtains exponential decay of fractional moments with 
the methods from [AEN + 06], as we outline now. The crucial tool is Proposition 
3.2 of [AEN + 06]. Here are two direct consequences of the latter. 

Lemma 3.20. Let H be bounded and self-adjoint on £ 2 (1*), 4>,ip'- Z — > [0, 00) 
bounded, z e C with Imz > 0, and t,S e (0, 00). Then there is a universal 
constant Cw G (0, 00) such that 

(i) for all x, y G Z 

^cj>(x)ij(y)£{v 1: v 2 e [S,S] : \(6 x ,(H + z-v 1 <j>-v 2 tl>)- 1 6 y )\>t} 

S 



where C denotes Lebesgue measure, 
(ii) If (f)(x)ip(y) 7^ and s G (0, 1), we have for all x, y G Z 



f \( 5x , (H+z-v 1 cf ) -v^)- 1 8 y )\ s dv 1 dv 2 < -1_ ( C w J S 2-, 
J[-s,sp 1 - s \^(j){x)^{y) J 

To obtain statement (ii) from (i) use the layer cake representation 

\f(v 1 ,v 2 )\ s dv 1 dv 2 = / C{\ Vl \,\v 2 \ <S: |/K,t; 2 )| s >t}dt 

, -5,512 JO 



and decompose the integration domain into [0, k] and [k, 00) with the choice 

n = (c w /s^{xy4^)y. 
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Proposition 3.21. Let T C N be connected and Assumption (B) be satisfied. 
Assume that u satisfies condition (a) in Lemma 3.19. Let N eN be the constant 
from condition (a) and set A x = {x, . . . , x + N} and A J = {j — n + 1 — N, . . . , j — 
n + 1}. Then we have for all x,jET with \ j — x\ > 2(N + n) — 1 and all z G C 
with Imz > 

E A (\G T (z;x,j)\ s )<C 
where C is defined in Eq. (3.34) and A = A I UA 3 . 

Proof. Without loss of generality we assume j — x > 2(N + n) — 1 and ocq — 1. 
By assumption T D {x,x + Note that the operator A' = H-p — 

z — J2keA x u kUk — 2~2keAJ UkUk * s independent of Uk, k G A. To estimate the 
expectation 



E = E A (\G r (z;x,j)\ s ) 

-L 



[-R,R]\ A \ 

we use the substitutions 



fceA 1 fceAJ 



T 



Cx+1 



\Cx+N/ 



and 



Wj-n+2-A 



^/l upm^ 

fcgA 



/ Cj-n+l-Af\ 
Cj-n+2-A 

V 

\ Cj-n+1 / 



where the matrix T is the same as in Lemma 3.2. This gives the bound 



E < 



/ (S x , [A + ( x \ S~] a k - x u k 

J[-s,s\w \ v ^ 



keAi 



where d(A = rLeA d Cfc, S = R(l + max ie{li ... )Ar} |Q; i |), and 

A = A' + A ^ CfcMfc + A J2 ^ kUk 

keA x \{x} k€Ai\{j-n+l-N} 

is independent of ( x and Cj-n+i-Ar- By assumption the functions 

= ^2 a k-xUk and V> = a fc _( j _ n+ i_ Ar) M fc 



feeAJ 
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are bounded and non-negative, with (f>(x) = u(0) > and ip(j) = aNu{n—\) > 0. 
Using Lemma 3.20 we obtain 



E' = 



< 



-S,S} 2 



5 X , (A + ( x \<f) + (j- n+1 - N \ip) l 5, 
Cw 



d( x d(. 



j-n+l-N 



s 



2-s 



Thus the original integral is estimated by 



E < 



(2S) 



\A\-2_ 



4 



C 



w 



C w 



1 - s y\^u(0)a N u(n - 1) 
which ends the proof. 



(2SIMIJ 



S 2-s 

2(N+1) 1 



=: C, 



(3.34) 



The last proposition and a formula analogous to (3.17) now give for j = 
x + 2(N + n)-l and x + 2(N + n) < y 

E A (\G ro (z;x,y)\ s ) 

= E A ( | G To (z; x, x + 2 (N + n) - 1 ) | s ) | G Tl (z; x + 2 (TV + n) , y) \ s 
<C\G ri (z;x + 2(N + n),y)\ s 

where r = Z, Ti = {x + 2(N + n),x + 2(iV + n) + 1, . . . } and A as in Lemma 
3.20. In an appropriate large disorder regime, where the constant C in (3.34) is 
smaller than one, exponential decay of fractional moments for the off-diagonal 
matrix elements now follows by iteration similarly as in Theorem 3.11 and The- 
orem 3.14. 

To conclude exponential localization we also need the boundedness for frac- 
tional moments of the diagonal Green's function elements (cf. Theorem 3.29), 
which is proven in Theorem 3.17. However, for the proof of Theorem 3.17 we 
need non-monotone spectral averaging as formulated in Lemma 3.3. 



3.3. Boundedness of fractional moments 

In this section we prove the boundedness of an averaged fractional power of the 
Green function in arbitrary space dimension d G N. In particular, the upper 
bound depends in a quantitative way on the disorder (the bound gets small in 



49 



3. Fractional moment method for discrete alloy-type models 



the high disorder regime). The estimate on fractional moments of the Green 
function is used iteratively in the next section, where we prove exponential decay 
of the Green function. 

We consider the situation when Assumption (C) holds. Recall that R = 
max{|inf supp p\, |sup supp p\} where p is the probability density of the measure 
v. 

We also introduce some more notation. For x G Z d we denote by M{x) = 
{k G Z d : \x - = 1} the neighborhood of x. We also define A + = A U <9°A, 
A x = A + x = {k G Z d : k - x G A} for A C Z d , and u^ in = mm keA \u(k)\. 

Lemma 3.22 (A priori bound). Let Assumption (C) be satisfied, T C Z d , m > 
and s G (0, 1). 

(a) Then there is a constant C s , depending only on d, p, u, m and s, such that 
for all z G C \ R with \z\ < m, all x,y G T and all b x , b y G Z d with x G 0^ 
and y G Q by 

E N (\G r (z;x,y)\ s/{m) ) <C S ~ S (\), 
where E S (X) = ma,x{X~ s /^\ X~ 2s } and N = {b x , b y } U M{b x ) U M{b y ). 

(b) Then there is a constant D s , depending only on d, p, u and s, such that for 
all z G C \ R, all x,y G T and all b x , b y G Z d with 

xeQ bx nr cd l Q bx and y g Q by n r c ^e^ 

we have 

E {bxM (\G r (z;x : y)\ s )<D s \- s . 

Proof. First we prove (a). Fix x, y G T and choose b x ,b y G Z d in such a way 
that x G Q bx and y G Q by . This is always possible, and sometimes even with 
a choice b x = b y . However, we assume b x ^ b y . The case b x = b y is similar 
but easier. Let us note that Q bx and Q by are not necessarily disjoint. We apply 
Lemma 3.7 with A x = (O bx U Q by ) fl T and A 2 = A| n T and obtain 

p r Ai (H r - zy\p r Ai y = (H Al - z + p Al Ap* doAi (K - z)-^KAv\y X (3.35) 
where 

K = H d o Al - Pgi Al B^ (p^ Al )*. 

We note that -Bp 1 depends only on the potential values V UJ (k), k G T \ A^ and 
is hence independent of Lu k , k G {b x ,b y } U Af(b x ) L)J\f(b y ). We also note that 
K is independent of u bx and u by , and that the potential values VL(/c), k G <9°Ai 
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depend monotonically on Uk, k G Af(b x ) U M(b y ) =: N', by Assumption (C). 
More precisely, we can decompose K : £ 2 (d°Ai) — y £ 2 (d°A 1 ) according to 

K = A + A °°kV k 

k&N' 

with some A, V k : £ 2 (d°A 1 ) — y £ 2 (d°A 1 ) and the properties that A is independent 
of Uk, k G N', and V := J2keN> ^ * s diagonal and strictly positive definite with 
V > Wmhr We fix f G N' and obtain with the transformation u v = ( v and 
Ui = (v + d for ieN'\ {v} for all i G (0, 1) 



E N ,(\\(K - z)' 1 ^ =j \\(A-z + \J2 Wfc^) _1 |r J] PK) dw ^ 

<llp||^' h1 / IK^ + C.A^-iV^dC.n^ ( 3 - 36 ) 



iGJV'\{w} 



where 5 = 2_R and A = A — z + A Z^fcejv'Utj} C«^- The monotone spectral 
averaging estimate in Lemma 3.5 gives for t G (0, 1) 

p < l|p||i^" M (4fi) |A ' ,| - 1 (gw|9°Aill|p|U)' 

II ) £ SStm ■ 

Hence there is a constant C\{t) depending only on p, u, d, A 1 and t, such that 

E^(||(tf-*)-f)<^. (3.37) 

We use the notation Uj for the translates of u, i.e. Uj(x) = u(x — j) for all 
j, x G Z d , as well as for the corresponding multiplication operator. The operator 
H\ x = — +Vax can be decomposed in i?Ai = ^Z+Au^V^+Ao^V^, where the 
multiplication operators V x ,V y : £ 2 (Ai) — y £ 2 (Ai) are given by V x (k) = Ub x (k) 
and V y (k) = u by (k), and where A' = — A Al +A J2kez d \{b x b y } ^kUk- Notice that V x 
is invertible on Q bx and V y is invertible on Q by . Hence there exists an a G (0, 1] 
such that V x + aV y is invertible on By Eq. (3.35) and this decomposition 
we have for all t G (0, 1) 

^ = E{»-w(||A(^r-^)- 1 (A)ir /|Al1 ) 

= r rii^'+A^K+A^^^if/^'p^jpKjd^d^, 

where 

A' — A' — z + PAl Ap* 9oAi (K - zy'pao^Ap*^. 
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Notice that A' and K are independent of u>b x and uj by . Set V :— V x + aV y with 
a G (0, 1] to be chosen later. We use the transformation Ub x = ( x , ^b y = a Cx + Cy 
and obtain by Lemma 3.3 



/2R p2R 
/ \\(A' + Cy\v y + C.AV)- 1 || t/|Al| p(C.)dC.dC y 
2R J-2R 

< I. I, f 2R IIPllL(P / + C,Av;||+2i?A||v||) t(|Al| - 1)/|Al1 

- llPl|o ° J_ 2R t*2-*(l - t)A*|det V\^\ ky 

< igHr^(KII + 2 ^ A H^H + 2RM\v\\) mihmAl{ 

t*2-*(l -t)A'|det\/|'/l A il 

The norm of A' can be estimated as 

\\A'\\ < 2d+(\e\ - ljIMloo + m+(2d) 2 \\(K - z)- l \\. 

For the norm of V y and V we have ||V^|| < ||w||oo and \\V\\ < 2\[u\[oo- To estimate 
the determinant of V we set Vi = (u(i — b x ),u{i — by)) 1 - G M 2 for i G Ai, and 
r = (l,a) T G M 2 . Then, 

|det V| = J | - b x ) + cm(i - b y )\ = | (r, ^/||^||) |. 

Since we can choose a G (0, 1] in such a way that the distance of r to each 
hyperplane Hi = {xi, x 2 G K : u(i — b x )xi + u(i — b y )x2 = 0}, i G Ai, is at least 
d = \/2/(4(|Ai| + 1)), we conclude using ||t>j|| > \^2u^ in 

|detV1>nil«,IMo>(^f^" A " 

Putting all together we see that there are constants C 2 (t), C 3 (t) and C±{t) 
depending only on p, u, d, m, A 1 and t, such that 

If we average with respect to u k , k G M(b x ) UAf(b y ) we obtain by Eq. (3.37) 

JV (6x)LW(M ^j < + + ^ptfi^ati • 

Notice that 1 < |Ai| < 2|0|. Now we choose t = s|Ai|/(2|0|) and eliminate 
Ai from the constants C\(t), C2(t), C%(t) and C±{t) by maximizing them with 



52 



3.4. Exponential decay of fractional moments; proof of Theorem 2.2 and 2.3 



respect to |Ai| G {1, . . . , 2|6|}. We obtain that there are constants Ci(s), C 2 (s) 
and C 3 (s), depending only on p, u, d, m, and s, such that 



P Al (#r-*) W || TT J<- M + ^- + 



2|Al|-l 



< (C 1 (s)+C 2 (s)+C 3 (s))E s (X). 

In the last estimate we have distinguished the cases A > 1 and A < 1 and used 
the fact that 1 < |Ai| < 2|@|. This completes the proof of part (a). 

To prove (b) we fix x,y G T and b x ,b y G Z d with x G fl T C d 1 ©^ and 
y G Qb y H T C d l Qb y - We again assume b x ^ b y . The case b x = b y is similar but 
easier. We apply Lemma 3.6 with A = (Q bx U 0&J fl T and obtain 

fi(H r -z)- 1 (j? A y = (H A -B£-z)- 1 . 

Notice that f?- is independent of u>k, k G {b x , b y }. By assumption, the potential 
values in A depend monotonically on Ub x and Ub y . More precisely, we can rewrite 
the potential in the form V\ = A + oub x \V x + Ub y \V y with the properties that A is 
independent of Uk, k G {b x , b y }, and V — V x + V y is strictly positive definite with 
V > «min- We proceed similarly as in Ineq. (3.36), namely with the substitution 
u b x = (x and Ub y = (x + ( y , an d obtain using monotone spectral averaging from 
Lemma 3.5 the estimate 



^{ bx , by }(\\p r A(H r -z)-\ P r A y\\ s ) < \\p\UR 



(|A|< e n ||p||oo) i 



A s (l-s) ' 

We estimate |A| < 2|0| and obtain part (b). ■ 

Remark 3.23. Note that even if Assumption (C) is not satisfied we obtain the 
bound (3.38), namely 



E { 6„6,}(IK(^r-^)- 1 (pI 1 ) N 



|t/|Ai| 



3.4. Exponential decay of fractional moments; proof of 
Theorem 2.2 and 2.3 

In this section we show Theorem 2.2, i.e. that the so called finite volume criterion 
implies exponential decay of the Green function. Together with the a-priori 
bound (Lemma 3.22) this gives us Theorem 2.3 which will be proven at the end 
of this section. 
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We again consider "depleted" Hamiltonians, as already introduced in the one- 
dimensional setting in Section 3.2, to formulate a geometric resolvent formula. 
Let A C T C Z d be arbitrary sets. We define the depleted Laplace operator 
A£ : £ 2 (T) -)• f(T) by 



(6 x ,A^6y) :-- 



if i 6 A, ?/ e r \ A or ?/ e A, i 6 r \ A, 

(5 x ,A r 5 y ) else 



and the depleted Hamiltonian H$ : £ 2 (T) ->■ f(T) by 

H A := -Ap + V r . 

Let further 2~A := Ap — Ap be the difference between the the "full" Laplace 
operator and the depleted Laplace operator. For z G C \ R and x, y G T we 
use the notation Gp(z) := (H- — z)~ l and G^(z;x,y) := Gf 1 ^)^). To 
formulate a geometric resolvent formula we apply the second resolvent identity 
and obtain for arbitrary sets A C T C 7L d 

G r {z) = G£(z) + G t (z)t£G$(z) = G£(z) + G$ (z)T£G r (z). (3.39) 

In contrast to the one-dimensional case from Section 3.2 it will be necessary to 
use an iterated version of this formula. Namely two applications of the resolvent 
identity give 

G r (z) = G$(z) + G$ (z)T£G$(z) + G$(z)t£G t (z)t£G$(z). (3.40) 

Remark 3.24. Notice that Gi;(z;x,y) = G\(z;x,y) if x, y G A, Gy(z;x, y) = 
if x G A and ?/^Aor vice versa, and that G^(z) = G^ c (z). If T \ A decomposes 
into at least two components which are not connected, and x and y are not in 
the same component, then we also have G A (z;x, y) = 0. 

Since T is not necessarily the whole lattice Z d , it may be that terms of the 
type G r (z; occur for some T C Z d and some % £ T or j £ T. In this case we 
use the convention that Gr(z;i,j) = 0. 

To formulate the results of this section we introduce the following notation. 
For finite T C Z d we denote by diamT the diameter of T with respect to the 
supremum norm, i.e. diamT = s\xp xyeT \x — y^. For T C Z d , L > diam6 + 2 
and 

B = 

we define for x G Z d the sets 1 

A x :— {k G T : k G ©6 for some b G A irE } 



1 Note that the sets A x , W x , A x and W x are not translates of certain sets A, W, A and W. 
They are defined directly in dependence of x € Z d and L > diam 9 + 2. Contrary, the sets 
B Xl 0fc arc translates of the sets B and 6 by the vextors x, b e Z d . 
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and 

W x := {k G T : k G B b for some b G B x }. (3.41) 

Recall that A LjX = {k eZ d : \k - < L}, A L = A L>0 , for T C Z d and x G Z d 
we denote by T x = F + x = {k G 7L d : k — x G T} the translate of T and by 
T + = T U d°T the thickened set. Hence W x is the union of translates of along 
the sides of B x , restricted to the set T. For T C Z d we can now introduce the 

sets 

:=A+nr and W x := W x fl T 

which will play a role in the assertions below. See also Fig. 3.3 for an illustration 
of the set W x . 

Theorem 3.25 (Finite volume criterion). Suppose that Assumption (C) is sat- 
isfied, let r C Z d , L > diamO + 2, z e C\R with \z\ < m and s e (0, 1/3). 
Then there exists a constant B s which depends only on d, p, u, m and s, such 
that if the condition 

MA,L,A) 5 A2s/(2|e 7 l J E H^W^; x, w)\ s ^) < b (3.42) 

w£d°W x 

is satisfied for some b G (0, 1), arbitrary A C T, and all x G A, then for all 
x,y G r 

E(\G r (z;x,y)\ s/{m) ) < Ar^K 

Here 

A= ^w and „ = w 



b r L + diamG + 2' 

with C s inherited from the a priori bound (Lemma 3.22). 

Remark 3.26. Note that T \ W x decomposes into two components which are 
not connected, so that the sum in (3.42) runs over the sites r related to only 
one of these components, which is always compact, regardless of the choice of 
r. It then follows that in order to establish the exponential falloff of the Green 
function it suffices to consider the decay properties of the Green function for 
the Hamiltonians defined on finite sets. The finite volume criterion derives its 
name from this fact. 

The strategy for the proof is reminiscent of the one developed in [ASFH01] 
and is aimed to derive a following bound on the average Green function. 

Lemma 3.27. Let T C Z d , s G (0,1/3), m > 0, Assumption (C) be satisfied 
and b s (X, L, A) be the constant from Theorem 3.25. Then we have for all x,y G T 
with y £ A x and all z G C \ R with \z\ < m the bound 

E(\G r (z;x,y)\^)< b -^p- £ E(\G r \ Ax (z; r, y)|*fr). (3.43) 

I x I r£d°A x 
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Figure 3.3.: Illustration of the geometric setting and Eq. (3.44) in the case d = 2, 
r = {x e I? : xi > 0}, x = and 9 = ([-2, 2] 2 U [4, 6] 2 ) n I?. The light 
grey region is the set W x and the black square is the sphere B x . 

Remark 3.28. Inequality may be iterated, each iteration resulting in an addi- 
tional factor of b s (X,L,F). Note that each iteration step brings in Green func- 
tions that correspond to modified domains. 

The finite volume criterion is a direct corollary of Lemma 3.27. 

Proof of Theorem 3.25. Inequality (3.43) can be iterated as long as the resulting 
sequence (x, . . . , r^) do not get closer to y than the distance L = L + 
diam 6 + 2. 

If \x — y\oo > L, we iterate Ineq. (3.43) exactly [\x — y\oo/L\ times, use the 
a-priori bound from Lemma 3.22 and obtain 

E(\G r (z;x,y)\^ < C S E S (X) ■ bW x - ^~/ Z J < C ^ X \ -^-v\~^ 

with n = |ln6|/Z. If \x — y|oo < L, we use Lemma 3.22 and see that 

E(\G r (z;x,y)\ s/(2m ) < C S E S (X) < ^^e^K ■ 

To facilitate the proof of Lemma 3.27 we introduce some extra notation first. 
Namely, for a set A C Z d , we define the bond-boundary <9 B A of A as 

d B A = {{u,u') eZ d xZ d :ueA, u' G Z d \ A, and \u - u'^ = 1} . 
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Proof of Lemma 3.27. Fix x, y G V with y £ A x and set n — 2|0|. It follows 
from our definition, that the randomness of at sites d°W x r\T does not depend 
on the random variables Uf, for any b G B x , and depends monotonically on the 
random variables Uk for k G d°B x (by Assumption (C)). A similar statement 
holds for the randomness at sites d°W x D T. We also note that x, y £ W x by 
our definition of L and since G 0. We now choose A = W x in Eq. (3.40) and 
compute the Green function at (x,y): 

G r (z;x,y) = G?'(z;x,y) + (6 x ,G*'(z)T*'G*'(z)6 v ) 

+ (5 x ,Gp{z)T™*G v {z)T™*Gp5 y ). 

Using Remark 3.24 one can easily check that the first two contributions vanish, 
thus 

G r (z;x,y) = Yl Gf'(z;x,u)G r (z;u',v)Gp(z;v',y). (3.44) 

(u' ,u)ed B W x 
(v,v')Sd B W x 

See Fig. 3.3 for the geometric setting and an illustration of Eq. (3.44). Note 
that u,v' G d°W x , while u',v G W x . By construction, the set T\W X decomposes 
into at least two components which are not connected: One of them contains x, 
another y. More than two components may occur if T or are not connected, 
see again Fig. 3.3. By Remark 3.24, the summands in Eq. (3.44) are only non- 
zero if u is in the x-component of V \ W x and v' is in the ^-component of T \ W x . 
This leads us to the definition of a subset of d B W x . We say that (u, u') G d x W x 
if (u, u') G d B W x and vl is in the ^-component of T \ W x . For d B W x , d x W x and 
d B W x we use the analogous definitions. 

To get the estimate (3.43) we first want to average the fractional moment 
of the Green function with respect to random variables {oJk\k^B+- Note that 
Lemma 3.22 part (a) then guarantees that 

E Bt (\G r (z;u',v)\^ n ) <C S ~ S (\). (3.45) 

However, although the first and the last Green functions in (3.44) do not depend 
on the random variables {u)k}keB x , they still depend on the random variables 
{ w fc}fcgB+- To factor out this dependence, we apply (3.39) again, this time with 
A = W x . Then we have for u, v' as above the equalities 

Gp (z; x,u)= J2 °r x & x > w ) G f x ^ w '> u ) 

(w',w)€d B W x 

and 

Gp(z;v',y) = ^ G*'(z; v', r)G?'(z; r', y). 

(r,r')Gd B W x 
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Notice that for w and r' as above, the Green functions (z; x, w) and (z; 
r',y) are independent of {uk} keB +- Putting everything together, we obtain 

E Bt (\G r (z;x,y)\ s / n ) < £|Gf*(z; x, w)\ s ' n \G?'(z; r', y) \ s ' n 

x E B ^{\G^(z;w',u)G r (z;u',v)G^(z;v',r)\ s / n ), (3.46) 

where the sum on the right hand side runs over the bonds 

(u',u) e d*W x , (v,v') e d*W x , (r,/) e d*W x , (w',w) e d*W x . 

To estimate the expectation of the product on the right hand side we note that 
by Holder inequality it suffices to show that each of the Green functions raised 
to the fractional power 3s jn and averaged with respect to B£ is bounded in an 
appropriate way. For E B + (\Gr(z; u', v ) | 3s /™) this follows from the a-priory bound 
(3.45). For the remaining two Green functions it seems at the first glance that 
we have a problem, since we only average over {wfe} fceB +, and Lemma 3.22 in this 
context requires averaging with respect to {uk} keB ++- What comes to our rescue 
is Assumption (C), which ensures that the dependence on {cjfc} fceB + is actually 
monotone for these Green functions, and the standard argument of [AEN + 06] 
for the monotone case establishes the required bounds. More precisely, we argue 
as follows. Since w',u G T \ W x , we have due to Remark 3.24 that 

G™ x (z; w',u) = G r ^ x (z;w',u). 

Notice that w',u G d°W x . Hence there are 61,62 £ d°B x , such that w' G 
e 6l n (r \ W x ) C &G bl and u G & b2 n (r \ W x ) C d { e h2 . For the Green function 
at (v',r) there exist 63,64 G d°B x with analoguous properties. Thus we may 
apply Lemma 3.22 part (b) and obtain for all t G (0, 1) 

E^(|Gj^(z;u;>)|*)<AA-' and E B + (\G*'(z; v', r)|«) < AA"'. 

The net result is a bound 

E Bt (\G^(z;w',u)G r (z;u',v)G^(z;v',r)\ s / n ) < E a \-%~.(\) 

where E s = max{D 3s / n , C^s}- Substitution into Ineq. (3.46) leads to the esti- 
mate 

E B +(\G r (z;x,y)\ s / n ) < E s \^E s (\)\d^W x \\d^W x \ 

x \G^(z;x,w)\ s/n \G^(z;r',y)\ s ^. (3.47) 

(r : r')ed^W x 

(w',w)ed§w x 
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Now we are in position to perform the expectation with respect to the rest of 
random variables. Note that the two remaining Green functions in (3.47) are 
stochastically independent. We take expectation in Ineq. (3.46) and use Remark 
3.24 to get 

E(lGr(*;*, y )|'/")< A t/t!-ff ) ■ E K(\Gr\w.(zS,v)\" n ) 

" S 1 ' (r,r')ed*W x 

where 

$(6,L) = \d*W x \\d*W x \ mGr\w x (z;x,w)\ s / n ). 

(w',w)ed x i w x 

Now we use the fact that each point of d°A x shares the bond with at most 2d 
neighbors. Hence, if we set 

^(Q,L)=Ad 2 \d^W x \\dfW x \\d°A x \ J2 mGr\w x (z;x^)\ s/n ), 

w<=d°W x 

we have the estimate 

E(\Gr(z;x,y)\^)<^^^^ £ E(|Gr\A.(*; r, y)\^). 



red°A x 



Finally, we can bound |<9^W4|, \dy W x \ and |9°A X | by Cd,eL d ~ l with a constant 
Cd,e depending only on d and 6. Lemma 3.27 now follows by putting everything 
together. ■ 

Proof of Theorem 2.3. Notice that by Assumption (C) the random potential 
is uniformly bounded. Thus K := sup w6f2 1 1 if < oo. Choose M > 1 and 
m — K + M. For \z\ < m and each b e (0, 1) we infer from the a-priori 
bound (Lemma 3.22) that condition (3.42) from Theorem 3.25 is satisfied if A 
is sufficiently large. 

For \z\ > m we have dist(z, a(H r )) > M > 1 for all oo. A Combes- Thomas 
argument (see [CT73], or Section 11.2 in [Kir08a] for an explicit calculation in 
the discrete setting) gives the bound 

\G T (z-x,y)\<^e-^-y^ 

for \z\ > m and arbitrary x,y G T, where 7 := min (l,lng). Now taking first 
the fractional power and then the mathematical expectation gives the desired 
estimate on E(^\Gr(z; x,y)\ s ^ 2 ^) . This finishes the proof. ■ 
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3.5. Exponential localization and application to the strong 
disorder regime; proof of Theorem 2.4 and 2.6 

In this section we prove exponential localization in the case of sufficiently large 
disorder, i.e. that the continuous spectrum of H u is empty almost surely and 
that the eigenfunctions corresponding to the eigenvalues of H u decay exponen- 
tially. 

The existing proofs of localization via the fractional moment method use 
either the Simon Wolff criterion, see e.g. [SW86, AM93, ASFH01], or the RAGE- 
Theorem, see e.g. [Aiz94, Gra94, AEN + 06]. Neither dynamical nor spectral 
localization can be directly inferred from the behavior of the Green function 
using the existent methods for our model. The reason is that the random 
variables V u (x), x G Z d , are not independent, while the dependence of H u on 
the i.i.d. random variables u^, k G Z d , is not monotone. In this section establish 
a new variant for concluding exponential localization from bounds on averaged 
fractional powers of Green function (without using the multiscale analysis). This 
is done by showing that fractional moment bounds imply the "typical output" 
of the multiscale analysis, i.e. the hypothesis of Theorem 2.3 in [vDK89]. Then 
one can conclude localization using existent methods. The results established 
in this section have already been published in [ETV10] and [ETV11]. 

Admittedly, for the discrete alloy-type model it is possible to show localization 
using the multiscale analysis. The two ingredients of the multiscale analysis are 
the initial length scale estimate and the Wegner estimate, compare assumptions 
(PI) and (P2) of [vDK89]. The initial length scale estimate is implied in the 
strong disorder regime by the exponential decay of an averaged fractional power 
of Green function, i.e. Theorem 2.3, using Chebyshev's inequality. A Wegner 
estimate for the models considered here follows also from Theorem 2.3 using 
Lemma 3.30, whereas the papers [VeslOa, PTV11] establish a Wegner estimate 
for a larger class of single-site potentials, see also Chapter 4. Thus a variant of 
the multiscale analysis of [vDK89] yields pure point spectrum with exponential 
decaying eigenfunctions for almost all configurations of the randomness. 

Apart from the strong disorder regime, the initial length scale estimate can 
be established in the weak disorder regime for low energies. In particular, Cao 
and Elgart [CE12] prove localization for the discrete alloy-type model on £ 2 (Z 3 ) 
at weak disorder and low energies using the multiscale analysis. For the specific 
result on localization they assume one of the following assumptions: 

(i) the single-site potential either decays exponentially, 

(ii) 6 is finite, k G Z 3 is such that (0 - i) n = for all ^ % G £;Z 3 , and 
the random potential is defined by V u (x) = J2iekz 3 ^ku{x — i). 
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Assumption (i) corresponds to the maximal random setting, while assumption 
(ii) corresponds to non-overlapping potentials. 

In the strong disorder regime Kriiger [Kriil2] proves localization via multiscale 
analysis for a class of models including the discrete alloy-type model as a special 
case. Kriiger uses some ideas of [Bou09] and establishes a Wegner-like estimate 
without the use of monotonicity. 

For L > and x G Z d we denote by Al >x = {y G 7L d : \x — y\oo < L} the cube 
of side length 2L + 1. Let further m > and E E R. A cube A^ x is called 
(m, E) -regular (for a fixed potential), if E £ o~(H Alx ) and 

sup \G Al JE;x,w)\ <e~ mL . 

Otherwise we say that A^ iX is (to, E) -singular. The next Proposition states that 
certain bounds on averaged fractional moments of the Green function imply the 
hypothesis of Theorem 2.3 in [vDK89] (without applying the induction step of 
the multiscale analysis). Recall that Assumption (E) means that is a finite 
set. 

Proposition 3.29. Let Assumption (E) be satisfied, I C H. be a bounded interval 
and s G (0, 1). Assume the following two statements: 

(i) There are constants C, /i G (0, oo) and L G N such that 

E(\G AL ^E + ie;x,y)\ s ) < Ce"""*-""" 

for all k G Z d ; L e N, x,y e A L>k with \x — y\oo > L , all e G (0, 1] and all 
Eel. 

(ii) There is a constant C G (0, oo) such that 

E(\G ALk (E + ie;x,x)\ s ) < C 
for all k G Z d , L G N, x G A Ltk , Eel and all e G (0, 1] . 

Then we have for all L > max{8 ln(8)//x, L , — (8/5/x) ln(|/|/2)} and allx, y G Z d 
with \x — y|oo > 2L + diam 6 + 1 that 

P({w G f2: V E e I either A L;X or A L;V is (fi / 8, E) -regular}) 

>l-S\A LiX \(C\I\+iC'\A L , x \/n)e-^ 8 . 

For the proof we shall need that the boundedness of a fractional power of a 
diagonal Green's function element implies a Wegner estimate. Let us note that 
a Wegner estimate implies the boundedness of an averaged fractional power of 
the (finite- volume) Green function. At the moment we only know a proof where 
the bound depends polynomially on the volume of the cube. 
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Lemma 3.30. Let I C R be an interval, s G (0, 1), c > 0, L G N and k G Z d . 

Assume there is a constant C > such that 

E(\G AL!k (E + ie;x,x)\ s ) <C 

for all x G A L;k , Eel and all e G (0,c]. TTien we /lave /or a// [a, b] C / 
< b — a < c that 



4C, 



E(Tr XM (^ Ai , fc )) < — \b-a\ s \A L 



7T 



fc 



Proof. Let [a, 6] C / with < b — a < c. Since we have for any A G R and 
< e < b-a 

/ A — a \ f X — b\ 7r 

arctan I — — I - arctan I — — I > - X[a,&]( A )> 

one obtains an inequality version of Stones formula: 

{S x ,X[a,b](HA Lk )S x ) < - [ lm{G ALk (E + ie;x,x)}dE Vee(0,6-a]. 

J[a,b] 

Using triangle inequality, \lmz\ < \z\ for z G C, Fubini's theorem, |GA Lfc (-E + 
s < dist(a(H AL fc ), E + ie) s ~ l < e 6 ' -1 and the hypothesis of the lemma, 



we obtain for all e G (0, b — a] 

E(Tr X[aM (H ALtk )) <E( E - / Im{G AL , fc (E + ie;x,x)}dE 

S — 1 /* 

/ E(|G Aiifc (£ + i6;:r,a;)| s W 



■,6] 

< 47r- 1 e s - 1 |A Life | |6-a|C. 



We minimize the right hand side by choosing e = b — a and obtain the statement 
of the lemma. ■ 

Proof of Proposition 3.29. By assumption (and Lemma 3.30) a Wegner estimate 
holds. Therefore, for any L G N and any k G Z d the probability of finding an 
eigenvalue of H\ L k in [a, b] C / shrinks to zero as 6 — a — >■ 0. Hence, for each 
Eel there is a set tt E C Q with P(Q E ) = 1, such that for all fc G Z d , L G N 
and w 6 B we have that E is not an eigenvalue of H\ L x and the resolvent of 
H\ L at E is well defined. Lebesgues Theorem gives for all E G / 

C7e-**'— > limE(|G A ^(£ + ie;x,y)|') = lim / \G\ L (E + ie; x, y)\ s ¥(du) 
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= I \G AL ^E;x,y)\ s ¥(du;) = E(\G AL jE;x,y)\ s ) 

Note that for each Eel, the function us n> G Alx (E; x, y) is defined on a set of 
full P-measure. 

Set n = diam© + 1. Fix LgN with L > max{81n(8)//x, L } and x, y G Z d 
such that \x — y\oo > 2L + n. For us G fi and k G {x, we define the sets 

A*:={£g/: sup |G AL , fc (£; fc, «;) | > e"^ 8 }, 
At:={EeI: sup \G ALtk (E;k,w)\>e-^}, 

wed l A Ltk 

and B t :={tJGfl: £{A k J > e~^ L/8 }. (3.48) 

Since the resolvent of H Al k at E is not defined if is an eigenvalue of H Al k , 
let us emphasize that we want the eigenvalues of H Al k to be included in the 
sets A£ and A* , k G {x, y}. For us E B k we have 



E [\GA L , k (E;k,w)\ s dE= £ [\G AL , k (E;k,w)\ s dE 

wed i A Ltk Jl 

[ sup IGa^^A;,^)!'/^ 



> 



> e -5 M L/8 e - M is/4 > e -7Mi/8_ 

Note again, that the integrands of the above equation are defined on a set of 
full Lebesgue measure. Using Hypothesis (i) of the assertion, we obtain 



P(5 fc )<e 7 ^ 8 £ / / , |G ALifc (S;fc,«;)|'x { ^(fl ALJk )}(£OdEIP((L;) 
< e r,L/8 £ f /| GALifc (S;fc,Ti;)|' X{ ^ ( H Aj;ifc ) } (£OP(<L;)d£; 

_ oj * J I J 

< |A iife ] |/|Ge"^/ 8 . 

For fc G {x, y} we denote by a(H AL k ) = {^,jfc}i=i' fc ' the spectrum of #A iifc - We 
claim that for /c G {x,y}, 

|AL,fc| 

w G n \ 5 fc =► A* C |J [i£ >fc - 5, E^ k + 5] =: / w>fc (5), (3.49) 

i=l 

where 5 = 2e"^/ 8 . Indeed, suppose that E G A^ \ {Si )fc , . . . , E l ^ kl } and 
dist [E, <?(H Al J) > 5. Then there exists u> G d l k Ltk such that |G Ai fc (£'; fc, w)| > 
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e -vL/s_ For any E , with \e-E'\ < 2e" 5 ^ L/s we have 5 - \E - E'\ > e^ L / 8 > 
2 e -3^L/8 s j nce £ > 8 ln(8) / /i. Moreover, the first resolvent identity and the 
estimate \\(H - E)' 1 ]] < dist(£', a(H)y 1 for selfadjoint H and E G C \ a(H) 
implies 

\G A ^(E;k,w)-G AL:k (E';k,w)\ < \E - E'\ • \\G^ k (E)\\ • ||G Aiifc (^)|| 

S 2 

and hence 

p -/iL/8 

| G Ai>fc (£';*;,«;) | > > e"^ 4 

for L > 8 ln(8) //i. We infer that [£ - 2e- 5 ^ L / 8 , E + 2 e - 5 ^/ 8 ] fllcAj and con- 
clude £{Af,} > 2e~ 5AtL / 8 , since |J| > 2e _5Ati / 8 by assumption. This is however 
impossible if u G f2 \ Bk by (3.48), hence the claim (3.49) follows. 

In the following step we use Hypothesis (ii) of the assertion and Lemma 3.30 
to deduce a Wegner-type estimate. More presicely, we have for all [a, b] C I 
with < b — a < 1 the Wegner estimate 

E(Tr XM (tf Ai J) <47r- 1 C"|6-a| s |A L , a; | =: C w \b - a\ s \A L , x \. (3.50) 

Now we want to estimate the probability of the event -B rcs := {u G f2 : 
I H I u ,x{fi) H Iu,y{&) 7^ 0} that there are "resonant" energies for the two box 
Hamiltonians H Al x and if Ai . For this purpose we denote by A' L x the set 
of all lattice sites k G Z d whose coupling constant u;*; influences the poten- 
tial in A LjX , i.e. A^ = U xeALx {k G Z d : u(x - k) ^ 0)}. Notice that 
the expectation in Ineq. (3.50) may therefore be replaced by ^a' l ■ Moreover, 
since \x — y\ OQ > 2L + n, the operator H ALy and hence the eigenvalues E % , 
% G {1, . . . , | A. x,,j/ 1 } are independent of u^, k G A' Lx . To estimate the probability 
of -B res we use the product structure of the measure and denote 

P r = TT \i for T C Z d , Q 3 uj = (oj 1 , oo 2 ) G Q A > x Q Z d\ A > , 

J _i- L,x \ L,x 

fcer 

and for each cu 2 G £^z d \A^ we define -B res (w2) = {wi G J1 A ^ : (^1^2) G -B re s}- 
Since the eigenvalues -E^, « G {1, . . . , |Ai )3/ |} are independent of ouk, k G A' Lx , 
we obtain for any uj 2 G £lz d \\' using Cebysev's inequality and the estimate 
(3.50) that 

\ A L,y\ 

F A , Lx (B rcs (u 2 )) < F ^ x (Wi E ^Xin[E^ v -28^ y+ 28]{H ALiX ) > 1}) 

1=1 
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\^L,y\ 

^ J2 E A' L ,S Tl (Xln{E L ^25,E L<y+ 25](H AL j)) 
i=l 

< \A L JC W (A5) S \A L:X \. 

Consequently, we get by Fubini's theorem 

P(5 rcs ) < \A L:y \C w (A5) s \A L:X \. (3.51) 

Notice that 45 < 1, since L > 8 In 8. Consider now an u (jL B x U B y . Recall that 
(3.49) tells us that A£ C I UiX (6) and A^ C I u , y (6). If additionally u £ B res then 
no E G I can be in A* and simultaneously. Hence for each Eel either 
A L>X or A LjV is (fJ>/8, ^-regular. A contraposition gives us 

G ft: 3E e I, A L , X and A L>y are (fi/8, E)- singular}) 

< F(B X ) + ¥(B y ) + F{B res ) 

< 2\A LyX \ \I\Ce~^ L/8 + \A LtV \C w (4S) a \A LtX \, 

from which the result follows. ■ 

In the proof of Proposition 3.29 its Hypothesis (ii) was only used to obtain 
a Wegner estimate, i.e. Eq. (3.50). Hence, if we know that a Wegner estimate 
holds for some other reason, e.g. from [VeslOa], we can relinquish the Hypoth- 
esis (ii) and skip the corresponding argument in the proof of Proposition 3.29. 
Specifically, the following assertion holds true. 

Proposition 3.31. Let Assumption (E) be satisfied, I C K. be a bounded interval 
and s G (0, 1). Assume the following two statements: 

(i) There are constants C, /i G (0, oo) and L G No such that 

E(\G ALtk (E;x,y)\ s )<Ce-^-y\- 
for all k G Z d ; L G N, x, y G A L;k with \x — y\oo > L , and all Eel. 

(ii) There are constants Cw G (0, oo), j3 G (0, 1], and D G N such that 

F({uj G ft: <t(H Al ) n [a, b] ^ 0}) < C w \b - af L D 
for all L G N and all [a, b] C I . 

Then we have for all L > max{8 ln(2)//x, L , —(8/5//) ln(|/|/2)} and all x, y G Z 
with \x — yloo > 2L + diam 6 + 1 that 

P({w G ft: VE G / either Al, x or Al, v is (/i / '8, E) -regular}) 

> 1 - 8(2L + l) d \(C \I\ + C w L D )e~^ L/ \ 
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Proof. We proceed as in the proof of Proposition 3.29, but replace Ineq. (3.51) 
by 

|Al,„| 

PA^(5 r cs) < ^ ({^ e fi: / n ct(H Alx ) n [K >y - 25, E^ y + 25] ? 0}) 

i=l 

to obtain the desired bound. ■ 

Remark 3.32. Note that the conclusions of Proposition 3.29 and 3.31 tell us 
that the probabilities of {V E G I either Al, x or Al jV is (/x/8, £')-regular} tend 
to one exponentially fast as L tends to infinity. In particular, for any p > 
there is some IeN such that for all L > L: 

P({w eQ:VE el either A L)X or A L>y is (to, £)-regular}) > 1 - L~ 2p . 

We will conclude exponential localization from the estimates provided by 
Proposition 3.29 and 3.31 using Theorem 2.3 in [vDK89]. More precisely, Theo- 
rem 2.3 in [vDK89] was stated for the case u(0) = 1 and u(k) = for k G Z d \{0}, 
wherefore we need a slight extension, which can be proven with the same argu- 
ments as the original result. For completeness and convenience of the reader 
we will give a proof. Let us emphasize that Theorem 3.33 does not need any 
assumption on the single-site potential u or the measure ri. In particular, the 
single-site potential may have unbounded support. 

Theorem 3.33. Let a GN, I G No, I C be an interval and let p > d, L > 1, 

a G (l,2p/d) and m > 0. Set L k = L^_ 1} for k G N. Suppose that for any 
k G N and any x, y G Z d with \x — yl^ > aL k + I 

F({u G SI: ME G I either A Lk)X or A Lk)V is (m, E) -regular) J > 1 — L k p . 

Then exhibits exponential localization in I for almost all oj G SI. 

Proof. Let b be a positive integer to be chosen later on. For x G Z d let 

A k+ i(x ) = ^b(aL k+1 +l),x \^aL k +l,x 

for k G No- Let us define the event 

E k (x ) = {oj eQ: A LktX0 and A Lk>x are (to, £)-singular 

for some Eel and some x G A k+ i(xo)}- 

By construction we have for each x G A k+1 (x ) that \x — a;o|oo > aL k + l. Hence, 
we obtain by our hypothesis 



L k L k 



x£A k+1 (x ) 
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for all k G N . Since ad < pd, we have YlT=o ^(-^(^o)) < oo. It follows from 
Borel Cantelli Lemma that for each xq G Z d we have F{E k (xo) occurs infinitely 
often} = 0. Since a countable union of sets of measure zero has measure zero, 
we obtain 

P({w G f2: 3x G Z d such that E k (x ) occurs for infinitely many k G N}) = 0. 

If we let f2 = £ & ■ for all x G Z d , E k (x ) occurs only finitely many times}, 
we have that P(f2 ) = 1. In particular, for each u G f2o and x G Z d there is a 
A;i = ki(u,Xo) G N such that if k > k\ then E k (xo) does not occur. 

Now let bj G fio, E G / be a generalized eigenvalue of with the correspond- 
ing non-zero polynomially bounded generalized eigenfunction if), i.e. H^ip = Eip, 
\i[>(x)\ < C{\ + \x\Y for some positive constant C and positive integer t, and we 
now choose x G Z d such that ip(x ) 7^ 0. 

If A.L ktXQ would be (m, i?)-regular, then E £ a(HA Lk , Xo ) and therefore we can 
recover ip from its boundary values, i.e. 



Since ip(xo) ^ 0, it follows that there exists k2 = k2(u,E,Xo) G N such that 
A-L k ,x is ( m , -E)-singular for all k > k 2 . Let k% = k^(u, E,xo) = max{/ci, /c 2 }. If 
k > k 3 we conclude that A LkjX is (m, i?)-regular for all x G A k+ i(x ). 
Now let p G (0, 1) be given. We pick b > (1 + p)/(l — p) and define 



We claim that 

(i) A' k+1 (x ) C A k+l (x ) for k G N , 

(ii) if x G A' fc+1 (a;o) then dist(x, d 1 A k+ i(x )) > p\x — x |oo, and 

(iii) if x £ A(aL +i)/(p-i),x then x G A' k+1 for some fc G N . 

Here dist(m, A) = mi ke A\m — A:|oo for k e Z d and A C Z d . Claim (i) and (iii) 
are obvious. To see (ii) we estimate the distance of x G A' k+1 (x ) to the inner 
and outer boundary of A k+ i(xo), respectively. For the inner boundary we use 
\x - xoloo < aL k + I + dist(x, A oLfc+ / jX0 ) and \x - x |oo > (aL k + I) /{I - p) to 
conclude 

dist(x, k aLk+hxQ ) > \X -XqIoo - (1 - p)\x - X |oo = P\X - XqIoo- 




(3.52) 



< e- mL *2dC(2 + L k + \x \y. 



A> k+l( X o) - K{aL k+1 +l)/(l+p),x \^(aL k +l)/(l-p) 
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For the outer boundary we use the triangle inequality dist(a;o, d 1 h.b(aL k+1 +i),x ) < 
\x - a;o|oo + dist(rr,<9 1 A 6 ( aLfc+1+/ ) rEO ), \x - x |oo < K aL k+i + OA 1 + P) and 
dist(x ,9 1 A b ( aLfc+1+/)i:E0 ) = b(aL k+1 + I) to conclude 

dist(x, <9 1 A b ( aLfc+1+ / )ia;o ) > dist(x , d' h b{aLk+1+l) , X0 ) - \x - xo|oo > p\x - x |oo- 

Hence the claim (2) follows. 

Now let k > kz, so that Ai kt y is (m, _E)-regular for any y G A k+ i(x Q ). Let 
x G A' fe+1 (a;o) C A k+1 (x ). Again by by Eq. (3.52), 

\i){x)\ < (2L fc + l)V mLfe 2rf|^M| 

for some U\ G <9°A i( . +1 >x . If Mx G A fe+1 (a;o) we obtain 

\il>(x)\ < [(2L k + l) d e- mL *2d] 2 \iP(u 2 )\ 

for some u<i G <9°AL fciMl . By claim (ii) we can repeat this procedure at least 
[p\x — :ro|oo/(Xfc + 1)J times, use the polynomial bound on ip and obtain for all 
k > k 3 and all x G A' k+1 (x ) the inequality 

mx)\ < [(2L k + 1) d e~ mL *2d] W^olco/^+iJJ^ + + 5(aLfc+i + 
We can rewrite the above inequality as 



\ip(x)\ < exp I - 



p\x~x \, 
L k + 1 



pmL k }exp< 



P\x - XqI 



d\n(2L k + l) 



+ ln(2d) - (1 — p)mL k 



-Un(C(l + |x |oo + b{aL k+l + /)) }. 



Since (aL fc + — p) < \x-Xq\oq < b(aL^ + + p), the second exponential 
function gets smaller than one if k is sufficiently large. Let p' G (0, 1) and choose 
p such that p > 1/(1 + a — p'a). We obtain that the first exponential function 
is bounded from above by 



cxp< 



p\X — X 



L k + 



< exp 



jpmL fc j exp | 



2 i , L k 

-p m\x - Xq\oo- 



L k + 1 



< exp<^pmL k 



cxp< 



2/1 I 

-p p m\x - a;o|oo- 



L k + 1 
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Again, using the lower bound on \x — xo\oq and the relation between p and p', we 
see that the first exponential function gets smaller than one if k is sufficiently 
large. Hence, if we pick p" G (0, 1) we find ^ £ N such that for all k > /c 4 and 
all x G A' k+l (x ) we have 



By claim (iii) we conclude that for all x G Z d \A( a L k ^+i)/(i- p ) >Xo we have Ineq. (3.53). 

We have shown that all generalized eigenfunctions to eigenvalues in / are in 
£ 2 (Z d ) and decay exponentially fast. To end the proof we use the well known 
fact that if every generalized eigenfunction in I is in £ 2 (Z d ), then there is no 
continuous spectrum in J, see e.g. [FMSS85, Theorem 1.2]. This uses the fact 
that there is a spectral measure, such that (with respect to this spectral measure) 
almost all energies are generalized eigenvalues [Ber68, Sim82]. ■ 

Proof of Theorem 2.4- We assume first that / is a bounded interval. In this 
case the assumptions of Proposition 3.29 are satisfied. Combining the latter 
with Theorem 3.33 and Remark 3.32 we arrive to the desired result. 

If I is an unbounded interval, we can cover it by a countable collection of 
bounded intervals. In each of those, exponential localization holds by the pre- 
vious arguments for all u outside a set of zero measure. Since the collection of 
intervals is countable, we have exponential localization in / almost surely. ■ 

Proof of Theorem 2.6. We use Theorem 2.3 to verify that the hypothesis of 
Theorem 2.4 is satisfied with I = R. This yields the desired result. ■ 




(3.53) 
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Chapter 4 



Wegner estimate for discrete 
alloy-type models 

In this chapter we prove a Wegner estimate for the discrete alloy-type model 
under Assumption (D), i.e. under the assumption that the measure v has a 
density p G BV(M) and there are constants C, a > such that for all k G Z d 
we have |w(A:)| < Ce - "^' 1 . This result relies on a joint work with Norbert 
Peyerimhoff and Ivan Veselic and has already been published in [PTV11]. 

A Wegner estimate [Weg81] is an upper bound on the expected number of 
eigenvalues of finite box Hamiltonians H\ t in a bounded energy interval [E — 
e, E + e] ct. Wegner estimates are inequalities of the type 

V/ G N, E G R, e > 0: E(Tr X [E-e,E + e](H AL )) < C w (2e) a (21 + l) bd 

with some (Wegner-)constant C*w > 0, some a G (0, 1] and some b G [1, oo). The 
exponent a determines the quality of the estimate with respect to the length of 
the energy interval and b the quality with respect to the volume of the cube Aj. 
The best possible estimate is obtained in the case a = 1 and b—1. 

Wegner estimates are required as an input of the multiscale analysis to prove 
localization. More precisely, multiscale analysis yields exponential localization 
in any energy interval where a Wegner estimate and an initial length scale 
estimate, the other ingredient of the multiscale analysis, holds. 

4.1. Abstract Wegner estimate and the proof of Theorem 2.7 

In [KV06] an abstract Wegner estimate for the continuous alloy-type model was 
established. A discrete analogue of this result will be applicable in our situation. 
The proof is a straight forward adaptation of [KV06] to the discrete setting. For 
completeness we will give a short proof. 

Let us also recall the definition of the space BV(R), see e.g. [Zie89]. The space 
of functions of finite total variation BV(R) is the set of integrable functions 
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f : R — > R whose distributional derivative is a signed Borel measure with finite 
variation, i.e. 

BV(R) := {f:R^R:feL\R), Df is a measure, \Df\(R) < oo}. 

To say that a distributional derivative Df of an integrable function / : R — >■ R 
is a measure means that there exists a signed Borel measure D/ on R such that 

f cfxlDf = - [ ffidx 
Jr Jr 

for all G C£°(R). Here G C^°(R) denotes the set of real continuous functions 
on R with compact support which have derivatives of all orders. A norm on 
BV(R) is defined by 

II/IIbv == ll/IUi + II/IIvt, 

where 

H/llvar := \Df\(R) = sup{J fv'dx: v G CT(R), \v\ < l}. 

Note that if / G W 1 * 1 ^) then / G BV(R). In particular, if / G W^(R) we 
have \\f\\ w ^ = ||/||bv and ||/'|| £ i = \\f\\ Yar . 

Theorem 4.1. Assume p G BV(R) and t/iat t/iere is a number Iq G N snc/i £/iai 
/or arbitrary I > l and every j G A; i/iere zs a compactly supported tjj G ^(Z ') 
such that 

^ tjj(k)u(x - k) > 5j(x) for all x G A/. (4.1) 
Lei further I := [E 1 , E 2 ] be an arbitrary interval. Then for any I > l 

e(Tt Xi (h a j) < ^\\ P \\ Var \i\J2\\hi\\^- 

For the proof of Theorem 4.1 we will use an estimate on averages of spectral 
projections of certain self-adjoint operators. More precisely, let H be a Hilbert 
space and consider the following operators on %. Let H be self-adjoint, W 
symmetric and //-bounded, J bounded and non-negative with J 2 < W, H(() = 
H -\-CyV for £ G R, and xi{H{Q) the corresponding spectral projection onto an 
Interval / C R. Then, for any g G L°°(R) fl L 1 (R), ip E H with ||^|| = 1 and 
bounded interval I CR, 

[ (V, Jxi(H(())J^)g(()d( < \\g\Ul\. (4.2) 
Jr 

For a proof of Ineq. (4.2) we refer to [CH94] where compactly supported g is 
considered. The vadility of Ineq. (4.2) for the non-compactly supported case was 
first noted in [FHLM97]. For a detailed proof we refer to [Ves08, Lemma 5.3.2]. 
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Proof of Theorem We follow the arguments in [KV06]. In order to estimate 
the terms of the sum in the expectation E(Tr xi(H A{ )) = J2jeA t ^(\\Xi(H Al )Sj\\ 2 ) 
we fix I > l and j G A ; , and set £ = supply C Z d and t = tjj. Recall that 

H Al = -p Al Ai Al + X ^ u k u(- -k) + \^u k u(- -k). 

We pick some o G £ with t{6) ^ and denote by M the finite dimensional linear 
transformation (^fc)fees ^ (^fc)fces = M(n k ) k( zj] defined as follows: uj = t(o)rj 
and u k = t(k)rj + t(o)n k for k G £ \ {o}. Note that M is invertible and 
|detM| = |t(o)|' s '. With this transformation there holds for arbitrary fixed 

( w fc)fcez d \s 

/ \\xi(H Al )5 j \\ 2 T[p(u k )duj k = \\xi(Hy)6j\\ 2 k(ri)dr}, 
Jrw ^ y R iE| M 

where dn = U k & d Vk, k{n) = \t(o)\^p(t{o)n ) n fee E\{ } P(t( k )Vo + t(o)Vk), and 

H Al = -p Al Ai Al +A ^] u k u{- — k) + t(o)X ^ ~~ k ) 

kei d \T, fces\{o} 

+ 7] \^t{k)u{- - k). 

fees 

We denote by Pj : £ 2 (Z d ) — > £ 2 (Z d ) the orthogonal projection given by Pj(f) = 
4>(j)5j and apply Ineq. (4.2) with the choice H = — r] \ J2kez t(k)u(- — k), 
W = X^2 keJ1 t(k)u(- - k), C = Vo and J = y/XPj. This gives by Lebesgue's 
theorem and the hypothesis of the theorem the estimate 

\xi{H Al )5j\\ 2 \\p(uj k )duj k — — j (Sj^jXiiH^PjSj) T\p(u k )du k 

< i£ /" sup\k(r))\ dr/ fc . (4.3) 



If p G V4 /1 ' 1 (M), we use sup^ ogR |/c(^)| < | f R \d k\dn . By the product rule we ob- 
tain for the partial derivative (while substituting back into original coordinates) 



d Q k = -^-k{r,) = \t{o)f\Y,mp'M n Pb»i)- 

r, ° fees jes\{fc} 



Hence, the right hand side of Ineq. (4.3) is bounded by (2A) _1 |/| Hp'Hli X^esl^)!- 
Since all the steps were independent of j G A;, we in turn obtain the statement 
of the theorem in the case p G W 1 ' 1 { 
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For p of bounded total variation (note that p has compact support since 
the measure v has compact support) we use the fact that there is sequence 
p k G C£°(R), k G N, such that \\pk\\v = 1 for all k G N, lim^ooH^Hvar = ||p||var 
and lim^^oollpfc — = 0, see Lemma 4.2 below. Since ||pfc||var = HP/JIl 1 f° r 
Pk G C£°(R), the same consideration as above gives for all k G N 

/ ||x/(// A j^|| 2 TTpfc(^)d^ < Slklkar Y>WI- (4-4) 

Using a limiting argument we now show the assertion. We have for all k G N 



/ 1 1 x/C-^aj 1 1 2 TT pCc^i)^ < / ||x/(^A> i || 2 TTp fc (w i )dw i 



+ 



M#aJ^- 



CO, 



The first integral on the right hand can be bounded from above by Ineq. (4.4). 
To estimate the second integral we denote the elements of the set £ by a i: 
i G {1,2, ... ,n} where n = i.e. E = {<7i, (72, ... , <x n }. We use a telescoping 
argument and obtain in a first step 

l = Y[p{ui) - Y[p k {ui) 



n-l 



i=l 



n—1 



n-l 



i=i 



Iterating this procedure we get 



i=l 



'i-1 



U=i+1 

Here we use the convention that a product where the index set is empty equals 
one. Putting everything together by using \\pWl 1 = llPfclU 1 = 1 f° r k G N and 
||X/(-ffA;)^'|| < 1) we obtain for all k G N 

/ ||x/(i^A ; )5i|| 2 TTp(wi)da;i < j^||pfc||var y^W)] + n\\p- p k \\ L i. 
Letting /c go to infinity we obtain by using Lemma 4.2 that 

E(|| X/ (#A ; )cy 2 ) = I Hx^aJ^H 2 n^) d ^ ^ SlMlva*J>«|. 



Since all the steps were independent of j G A; we achieve the statement of the 
theorem. ■ 
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Lemma 4.2. Let u : R — > Rq be a function of finite variation and bounded 
support. Assume additionally \\u\\li = 1. Then there exists a sequence w fc G C^°, 
k G N, such that H^Hl 1 — 1 f or a ^ k G N, 



and 



lim ||Ufc||var = IMIvar 

k— >oo 



lim \\uk — u\\ L i = 0. 

k—too 



(4.5) 



(4.6) 



Proof. Let G C£°(R) be non-negative with supp0 C [—1, 1] and ||0||li = 1. 
For e > set 4> t : R — > Rq , (f) e (x) = e~ l (j)(x/e). The function e belongs to 
C C °°(R) and fulfills ||0 e || £ i = 1. Now consider u e : R ->■ Rj, 



u £ (x) = / e (x - y)u(y)dy. 



Obviously, u e G C£°(R) and by Fubini's theorem ||tt e || £,1 = 1. The proof of the 
relation (4.6) is due to Theorem 1.6.1 in [Zie89]. For the proof of the relation 
(4.5), first note 

|H|v a r = \Du\(R) = sup j J uv'dx: v G C C °°(R), \v\ < 1 j 

= supjlim J u e v'dx: v G C C °°(R), \v\ < l| 



< liminf|.Dw ( 

e\0 



liminf||u e ||var, 

e\0 



since u e converges to u in L 1 (R) and v' is bounded. Let now %b G C^°(R) with 
< 1 and set rb e = <J) e * vb. Then we have by Fubini's theorem 



Mlvar > 



uip'dx 



u(tp * <p e )'dx 



ip'(u * 4> e )dx 



u e ip'dx 



Taking supremum over all such %b gives ||u||var > IKe||var- This proves the 
lemma. ■ 

Assume Assumption (D), i.e. that there are C, a G (0, oo) such that < 
Ce~ a ^ for all x G Z d . Let I and c u ^ be as in Eq. (4.10). In Section 4.2 we 
will construct for each I G N a number Ri > given in Eq. (4.13) such that 



k Io u{x — k) >1 for all x e Ai 



(4.7) 



keA 



Note that this lower bound is uniform in a; € A; and thus much stronger than 
condition (4.1). If Assumption (F) holds one can use in Ineq. (4.7) exponentially 
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decaying coefficients rather than k >->■ k J °, cf. Appendix A. Inequality (4.7) 
is proven in Proposition 4.6 and we will apply it for the discrete alloy-type 
model with exponential decaying single-site potential to verify the hypothesis 
of Theorem 4.1. Before we prove Proposition 4.6, we give the 

Proof of Theorem 2.7. By Ineq. (4.7) (respectively Proposition 4.6), the hypoth- 
esis of Theorem 4.1 is satisfied with the choice lo = 1 and tjj G £ 1 (Z d ) given 
by 

hk Io /c u HkeA Rl , 
|0 else, 

for I G N and j G A;. The constants c u ^ and I G Nq depend only on the 
single site potential u and are defined in Eq. (4.10). It follows for all Z e N and 
j G Ai that 

By Proposition 4.6, R h = max{2Z + D,D'} < 21 + D + D 1 with D and D' 
depending only on the single-site potential u. Hence there is a constant C(u) > 
depending only on the single site potential u such that 

J2\\hi\\^<C(u)(2l + l) 2d ^. 
By Theorem 4.1, this completes the proof. ■ 

4.2. Positive combinations of translated single-site potentials 

In this section we consider (possibly infinite) linear combinations of translates 
of the single-site potential u. We assume that u decays exponentially and is 
distinct from the zero function. Under these hypotheses we identify a sequence 
of coefficients such that the resulting linear combination is uniformly positive 
on the whole space Z d (cf. Proposition 4.5) or on some finite set A C 7L d (cf. 
Proposition 4.6). 

Remark 4.3 (Preliminaries). We introduce the following multi-index notation: 
If I = («!, . . . , i d ) G Z d and z G C d , we define 



~I _ ~h J2 id 
Z — • ^2 ' • • • ' z d i 



and if / G Nq, we define 



\I\=Yi r , Dl = — ■ — , I\ = i 1 \.i 2 \....-i d \. 

^ dz? 0z l 2 2 dz d 1 ^ 
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We also introduce comparison symbols for multi-indices: If 7, J G Nq, we write 
J < I if we have j r < i r for all r = 1, 2, . . . , d, and we write J < I if J < I and 
| J | < |/|. For J < /, we use the short hand notation 




Finally, 0, 1 denote the vectors (0, . . . , 0) and (1, . . . , 1) G C d , respectively. 

We also recall the following facts from multidimensional complex analysis. Let 
T> C C d be open. We call a complex valued function / : T> — y C holomorphic, 
if every point w E V has an open neighbourhood U, w E U C V, such that / 
has a power series expansion around w, which converges to f(z) for all z <E U. 
Osgood's lemma tells us that, if / : V — y C is continuous and holomorphic 
in each variable separately (in the sense of one-dimensional complex analysis), 
then / is holomorphic, see [GR09]. 

Let f n : V — y C be a sequence of holomorphic functions. We say that Yin fn 
converges normally in V, if for every w G V there is an open neighbourhood U, 
w G U C V, such that XUI/nll^oo < oo. Normally convergent sequences of holo- 
morphic functions can be rearranged arbitrarily, the limit is again holomorphic, 
and differentiation can be carried out termwise, which follows from Weierstrass' 
theorem, see [Rem84, p. 226] for the one-dimensional case and [Nar95, p. 7] for 
the higher dimensional case. 

Remark 4.4 (Notation). Let u : 7L d — y IR be a function satisfying Assumption 
(D), i.e., there are constants C, a > such that 

\u{k)\<Ce~ a ^ (4.8) 

for all k G Z d . For 8 G (0, 1— e~ a ) we consider the associated generating function 
F : V s C C d ->• C, 

V s = {zeC d : \Z!-1\ <5,...,\z d -l\ <5}, F(z) = ^u{-k)z k . (4.9) 

Here \z\ = ^fzH for z G C. Notice that the sum Ykei, dU (~k)z k is normally 
convergent in T>$ by our choice of S and the exponential decay condition (4.8). By 
Weierstrass' theorem, F is a holomorphic function. Since F is holomorphic and 
not identically zero, we have (l£F)(l) ^ for at least one I G Ng. Therefore, 
there exists a multi-index I G Nq (not necessarily unique), such that we have 

[0, if I < I . 

(Such a Jo can be found by diagonal inspection: Let n > be the largest integer 
such that D T Z F(1) = for all |/| < n. Then choose a multi-index 7 G Nq, 
|/ | =n with ^0.) 
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Proposition 4.5. Let u, F, c u and I be as in (4.8), (4.9), and (4.10). Let 
further /6N„ with I < I , and define a : Z d ->■ Z by 

a{k) = k 1 . 

Then we have for all x E Z d 

J2a(k)u(x-k) = {°' ifI<I °' (4.11) 

Proof. We introduce, again, a bit of notation. For s E C d and k E Z d let 

d 



e s = (e si , . . . , e Sd ) and (k, s) = ^ /c r s r . 

r=l 

Let J < J . Then the chain rule yields (for all s E C 5 := {s E C d : e s E V 5 }) 

D{{F{e s )) = Y,cj{D J z FW)e^ 
j<i 

= (DlF) (e s ) e<^> + £ Cj (D J Z F) (e s ) e«*> , 



j<i 



with suitable integers cj > 1 and, in particular, cj = 1. This and Eq. (4.10) 
imply that 

Next, we use the identity a(fc) = k 1 = _Dfe^ fe '^| s=0 . Note that the series 
Sfcez d ~ k)e ( ~ k ' s ' ) converges normally on the domain 

E a = {s E C d | -a < Re(sj) < a for all j = 1, 2, ... , <i}, 

Therefore, we can rearrange arbitrarily, differentiate componentwise, and obtain 
for all s E Cs H E a by substitution v = k — x and the product rule 

u(x - k)Dle {k ' s) = D\ u(x - k)e {k ' s) 

k£Z d 

Dl(e^ s) u(-v)e {u ' s) ) = £>f (F(e 8 )e< x ' a >) 

Y,(j)( D s F ^) D s' Je{X ' S) - 

J<I ^ ' 
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Finally, evaluating at s = and using (4.12) yields 

a(k)u(x - k) = £ Q (D J s F(e*))\ s = (Dl- 



if/</o, u 
if/ = / . 

In Proposition 4.5 we identified a sequence of coefficients such that the asso- 
ciated linear combination of translated single site potentials is positive on the 
whole of Z d . However, the sequence cannot be used for Theorem 4.1 directly 
since it is not summable. This problem can be resolved if we take into consider- 
ation that the positivity in Theorem 4.1 concerns lattice sites in A n only. 

Recall that the constants d,a,C and c u are all determined by the choice of 
the exponentially decreasing function u : Z d — > R. Now we choose I = Jo in 
Proposition 4.5. The next proposition tells us, for all integer vectors x in the 
box A;, how far we have to exhaust Z d in the sum (4.11), in order to guarantee 
that the result is > y (assuming for a moment that c u > 0). The exhaustion is 
described by the integer indices in another box A#, and the proposition describes 
the relation between the sizes / and R. For large enough /, this relation is linear. 

Proposition 4.6. Let u, c u and Iq be as in (4.8) and (4.10). Let further I G N 
and define 

f 2, 2-3 d C 8(d+|/ |) 2 l ,„ 1oN 

Then we have for all x G A/ 

— k Io u(x-k) > 1. 

° u keA Rl 

Proof. We know from Proposition 4.5 that 

— k Io u{x-k) = 1, 

for all x G Z d . Thus we need to prove, for x G A^ = Z d n [—1, l] d , that 

k Io u(x- fc)| < 1^1. (4.14) 

k& d \A Rl 

Using the triangle inequality \k 

^loo - ! - I^joo ^ |^|oo} |^|oo — and that u is 
exponentially decreasing, we obtain 

k Io u(x- fc)| < C e~ a{x ~ kl °° 
kez d \h R . |fc|oo>-Ri 
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|fc|oo>-R; 

oo 

< Ce al J^(2r + l) d r^ e - m 

r=Ri 
oo 

< C3 d e al J2r d+lh,l e- ar . 



r=R t 

Using Lemma 4.7 below and r > R t > 8{d+ ^ ol)2 , we conclude that r d+ ^ < e ar/2 , 
which implies that 

, 00 p -aRi/2 

k To u(x -k) < C3 d e al e ~ ar/2 = C3 d e al — _ q/2 . 

k£Z d \A Rl r=Ri 

Finally, using R t > 21 + § ln(2 • 3 d C/(|c u |(l - e" a / 2 )), we conclude Ineq. (4.14) 
which ends the proof. ■ 

Lemma 4.7. Let M,a > 0. Then 

8M 2 



M . «n/2 



n > — — n m < e L 

a 1 



Proof. If n > ^ then 



n < 



ct 2 n 2 



8M 2 

Since 



22 22 
an an an 



e iM — 1-| — - -I — - -)-...> 



2M 8.1/ 2 8 .U 2 ' 

we conclude that n < e^r, or, equivalently, n M < e 9 ^ . 
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Appendix A 

A non-local a priori bound 



An important step in the proof of exponential decay of fractional moments is the 
so-called a priori bound, cf. Lemma 3.22. It was this step where Assumption (C) 
enters the proof of exponential localization formulated in Theorem 2.6. 

In this appendix we will proof an alternative a priori bound which holds under 
a much milder hypothesis on u, see Assumption (F) in Section 2.1. By milder we 
do not mean that this covers the whole class of models where Assumption (C) 
is satisfied, but rather it holds generically in the class of compactly supported 
single-site potentials. However, the drawback of the a priori bound of this 
appendix is that it is non-local in the sense that it requires averaging over the 
entire disorder present in the model. At the moment we do not know how to 
conclude exponential decay of fractional moments relying on this version of the 
a priori bound. 

The result of this appendix extends Theorem 2.3 in [TVlOb] and has been 
published in [ETV11]. 

A.l. Result 

The precise assumption we will need is Assumption (F), which states that the 
measure v has a density in the Sobolev space 6 is finite and the 

single-site potential satisfies u := J2kei* dU (k) 0- 

Remark A.l. Note that without loss of generality the assumption m ^ can be 
replaced by u > 0, since 

V u (x) = ^2 u ku(x - k) = ^2 {-^k) (~u(x - k)) . 

We will assume this for the rest of this chapter. 
The main result of this appendix is 
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Theorem A. 2. Let AcZ d finite, s G (0, 1) and Assumption (F) be satisfied. 
Then we have for all x, y G A and z G C \ K. 

E(|G A fe,,,)r)<^ I 9l|p1|i,C'I, 

where C is the constant from Eq. (A. 2). 

The proof relies on a special transformation of the random variables Uk, k G 
A+, where A + = UkeA{ x G Z d : w(x — k) ^ 0} denotes the set of lattice sites 
whose coupling constant influences the potential in A. If O is finite, let us denote 
by n the diameter of with respect to the £ 1 -norm, i.e. n := maxj jee |i — 
For x, y G Z d we define a x ' y : Z d ->■ R+ by 



= 1 (e-^^-^li + e^l^-^ 1 ) with c := - In ( 1 + — ^— ) . (A.l 



2 n \ 2||u||fi 

Notice that the £ 1 -norm of a x,y is independent of x, y G Z d , i.e. 

C:=C(n,u,\\u\\ i i) = J2\a x > y (k)\= ^e" c ^= (|^{ Y ■ (A.2) 

With the help of the coefficients a x,y (k), k G Z d , we will define a linear transfor- 
mation of the variables u k , k G A + . Some part of the "new" potential will then 
be given by W x ' y : Z d -> R, 

= c^'(A;)w(x - fc), (A.3) 



where indeed only the values x G A are relevant. In order to use monotone 
spectral averaging as presented in Section A.2, it is important that W x ' y is 
positive and that W x ' y (k) > 5 > for k G {x, y} where 5 is independent of 
x, y G A. This is done by 

Lemma A.3. Let Assumption (F) be satisfied. Then we have for all x,y,k G Z d 

77 

W x,y (k) > a x ' y (k)^ > 0. 
In particular, W x ' y (k) > u/A for k G {x,y}. 

Proof of Lemma A.3. Recall that n = max^-gel* - j\i and that we have assumed 
G 0. For k G Z d let B n (k) = {j G Z d : \j- fc|i < n}. The triangle inequality 
gives us for all k G Z d 

M = max jar^A;) - a x ' y (j)\ 
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< - max le-^-*! 1 - e'^^ 1 ] + - max | e — c|fc— 1,11 - e^' - " 11 !. 
2 jeB n (ky 1 2 jeB n (ky 1 

Since R 9 t i— > e~ ct is a convex and strictly monotonic decreasing function, we 
have for all x E Z d 

/If < i| e -c|fc-z|i _ e -c(|fc-x|i-n)| _|_ _\ e ~c\k-y\ 1 _ -c(|fe-y|i-n) I 
- 2 I " I 2 ' 1 

< a x ' y {k)(e cn - 1). (A.4) 
We use Ineq. (A.4) and that u(k—j) = for k — j G" 6, and obtain the estimate 
W x ' y (k) = a x ' v {k)u{k- 3 ) + i aX,y U) ~ u x ' y {k)]u{k-j) 

> a x > y (k)u - \a x,v (k) - a x ' y (j) | \u(k - j) | 

> a x ' y (k)u - a x ' y (k)(e cn - l)\\u\\ e i. 

This implies the statement of the lemma due to the choice of c. ■ 

Proof of Theorem A. 2. Without loss of generality we assume z G C~ := {z G 
C: Imz < 0}. Fix x,y G A and recall that A + = U keA {x G Z d \ u(x - k) ^ 0} 
is the set of lattice sites whose coupling constant influences the potential in A. 
We consider the expectation 

E = E(\G A (z;x,y)\ s ) = [ | (S x , (H A - z)- l 5 y ) \ s k(u A+ )du A+ , 

where Q A+ = x keA+ R, u A+ = (uJk)keA + , k(u A+ ) = Yl keA+ p{u k ) and du A+ = 
YikeA+ d^fc- Fi x G A + . We introduce the change of variables 

oo v = a x ' y (v)( v , and u k = a x ' y (k)( v + a x ' y (v)( k 

for k G A + \ {v}, where a 1 ' 9 : Z d R+ is defined in Eq. (A.l). With this 
transformation we obtain 

£ = / \(5 X , (-A A + AVa - ^-^^I^KJd^ 

|<^,(A + C,A^)^)| s MCA + )dCA + , 

where Ca+ = (Cfe)fceA+, 

H(a + ) = \a x ' y (v)\^p(a x ' y (v)( v ) p(a**(*)C + a x ' y (v)( k ), 

fceA+\M 
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dCA + = lL eA+ dC^ A = -A A - z + \a*>y{v) E fceA+ \ W C*«(- - k) and W x ' v : 
£ 2 (A) — > £ 2 (A) is the multiplication operator with multiplication function given 
by Eq. (A. 3). Notice that A is independent of ( v and W x ' y is positive by Lemma 
A. 3. We use Fubini's theorem to integrate first with respect to ( v , Theorem A. 4 
and the estimate sup^g g(x) < \ f R \g'(x)\dx for g e and obtain for all 

k > and z G C~ 



E < 



[W x 'y(x)W x >y(y)] s / 2 

8 • 4- s A~ 6 ' 



K 



MCA + )dCA + + 



ft 



1-s 



^A 4 



1 - s 



^A, 



dk(CA 



do 



ft 



1 - S 



\W x 'V(x)W x 'V(y)]'/ 2 
For the partial derivative we calculate 
d~k(U + ) 



d~k(( A 



d( A+ 



dCv 



ieA+ 



which gives (while substituting back into original coordinates) 



E < 



8 • 4' s \- s 



< 



< 



[W x >y(x)W x >y(y)} s / 2 

8-4- s A~ s 
\W x 'V(x)W x 'V(y)] a / 2 

8-4- s \- s 
[W x >v{x)W x 'V{y)]°/ 2 



/GA+ 

k ~ s + t — ii^'IU 1 Y2\ aX 

1 — s 



\P Wj 



f^A 4 



k+i 



.l-s 



1 - S 



\P Li 



c 



where C is the constant from Eq. (A. 2) and where we have used that W x,y (x) 
and W x ' y (y) are bounded from below by u/4 by Lemma A. 3. If we choose 
K = s /(\\p'\\l 1 C) we obtain the statement of the theorem. ■ 



A. 2. Monotone spectral averaging 

In this section we prove Theorem A. 4 which we have used in Section A.l to 
prove boundedness of an averaged fractional power of Green's function under 
Assumption (F). 

Theorem A. 4. Let X be a countable set, A — B + iC be an operator on 
£ 2 (X) where B is self-adjoint and C is bounded with C > 0. Let also W : 
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£ 2 (X) — > £ 2 (X) be a bounded and positive multiplication operator, s G (0, 1) and 
< p G L X (R) n L°°(R). Then we have for all x,y G X , z G C~ and k > 

|<* x , (A + tW — Z )-%)\ s P (t)dt < ^^^M lo^l (A.5) 

8-4"* /llpllri „ „ 2k 1 ' s 



^ - I 1 1 / 1 1 L^- 



[W{x)W{y)} s / 2 V k s i - s 

(A.6) 

In the case where supp p is bounded, the result of Theorem A. 4 follows directly 
from a weak L 1 -bound which may be found in [AEN + 06]. Indeed, [AEN + 06, 
Proposition 3.1] gives that for a maximally dissipative operator A on some 
Hilbert space % and Hilbert-Schmidt operators Mi,M 2 : rl — > Hi, where rl\ 
is some Hilbert space, there is a constant Cw (independent of A, Mi and M 2 ) 
such that 

C({ve[-l,l] : \\M 1 (A-v + iO)- 1 M 2 \\ m >t}) <C w ||Mi||hs||M 2 ||hs7- 

Here £ denotes the Lebesgue measure. By the layer cake representation this im- 
plies the statement of Theorem A. 4 (with different constants) in the case where 
supp p is bounded. However, for two reasons we give a proof of Theorem A. 4. 
The first one is that the weak L l bound is only valid for compactly supported 
measures, while Theorem A. 4 holds true also for p not having bounded support. 
The second reason is that since our setting is not that general, we can give a 
short and direct proof, and the details of the proof are not that much involved 
as in the above mentioned weak Z^-bounds. 

Recall, a densely defined operator T on some Hilbert space T-L with inner 
product (-,•)■# is called dissipative if \m.(x,Tx)u > for all x G D(T). T is 
called maximally dissipative if it has no proper dissipative extension. We will use 
that any maximally dissipative operator T on rl has a self-adjoint dilation, i.e. 
there is a Hilbert space %+ with inner product (•, -)^ + , a self-adjoint operator 
L on H+ and an operator P : H+ — > rl, such that 

(T - z)- 1 = P{L- z)- l P* 

for all z G C with \mz < 0. Moreover, the adjoint P* : rl — > rl + is an isometry, 
i.e. (P*x, P*y)u + = (x,y)n- For a proof of this result see [Kuz96], or [SNF70] 
where the equivalent theory of unitary dilations of contractions is presented. 

Let us also cite a special case of [AEN+06, Lemma B.l] which we will use in 
the proof of Theorem A. 4. 

Lemma A.5 ([AEN+06]). Let X be a countable set and A = B + iC be an 

operator on £ 2 (X), where B is self-adjoint and C is bounded with C > 5 for 
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some 5 > 0. Let also W be a bounded non-negative operator in £ 2 (X). Then the 
Birman-Schwinger operator 

A BS = (W^A^W 1 / 2 )' 1 

is maximally dissipative in (ker W) L , with D(Abs) = Ran(W 1//2 /lQ 1 W 1 ^ 2 ) . More- 
over, its resolvent set p(Abs) includes and the Birman-Schwinger relation 

(a bs - cr 1 = w^iAo - cwyw 2 

holds in (ker W) L for all ( G CF. 

Proof of Theorem A. 4- Let e > 0. For all x, y G X we have 
I x>y = [ \(5 x ,(A+(t + ie)W-z)' 1 5 y )\ s p(t)dt 

Jr 

= [W(x)W(y)]- s / 2 [ \(6 x ,W 1 ^A+(t + ie)W)- 1 W 1 %)\ 8 p(t)dt, 
Jr 

where A = A — z. We infer from Lemma A. 5 that the operator W 1 ^ 2 A~ 1 W 1 ^ 2 is 
invertible and that the inverse Abs — (W 1 ^ 2 A~ 1 W 1 ^ 2 )~ 1 is maximally dissipative 
with domain Ran(W^ 1 / 2 A^W 1 ^ 2 ) . Moreover, the resolvent set of A BS includes 
C~ and we have for ( G C~ the relation 

(^bs - 0^ = W 1/2 (A - cwyw 2 . 

Since Abs is maximally dissipative, there exists a Hilbert space T-L with inner 
product (•, containing £ 2 (X) as a subspace, and a self-adjoint operator L on 
"H, such that 

(ABs-cr^PiL-cr'p* 

holds for all ( G C~. Here, P is an operator from T-L to £ 2 (X) and the adjoint 
P* is an isometry. Hence, 

I x , y = [W{x)W{y)Y s ' 2 [ \(5 x ,P(L + (t + k))- 1 P*5 y )\ s p(t)dt. 

Jr 

Let rb = P*5 X G Ti and dp,^ be the non-negative spectral measure of L with 
respect to yb. By the spectral theorem, triangle inequality and Fubini's theorem 
we have for x — y 

I x , x < [W{x)W{x)]- s / 2 f [ 1 p(t)d*d/v(«). 

Jr Jr \ k + \ l + le JI 

Since j R {l/\x-a\ s )g{x)dx < K- s \\g\\ L i+2K 1 - s \\g\\ 00 /(l-s) for < g G L°°(R)n 
L^IR), s G (0, 1), k > and a G C, see e. g. [Gra94], we have for all k > 

I x , x < [W(x)W(x)]- s / 2 (rb,rb) H (^ s \\p\W + ^\\p\\J] . 
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Notice that (ip,tp)-u = 1 since P* is an isometry. In the case where i^i/we 
use polarization identity and triangle inequality and obtain analogously for all 

x,y e X 

fi -4~ s / .„ „ 2k 1 - 3 



£ w^wW^ \r" We + T^ M ") ■ (A7) 

To conclude Ineq. (A. 6), it remains to show that lim^o I x ,y equals to the left 
hand side of Ineq. (A. 5). Notice that for every t e M and e > 

\(5 x ,(A+(t + ie)W-z)-\)\ s <^- s , 

which is an pdt-integrable majorant. Hence the dominated convergence theorem 
applies and gives 

]iml x>y = J lim|(5 x , {A + {t + \e)W - z)' 1 5 y )\ 8 p{t)dt 
\(5 x ,(A + tW - z)- l 5 y )\ s : p(t)dt. 



This and Ineq. (A. 7) leads to Ineq. (A. 6). To show Ineq. (A. 5) we minimize the 
right hand side of Ineq. (A. 6) by choosing k = z,i / (2 ||yo|| oo) . ■ 
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Appendix B 

Some results for the alloy-type 
model 

Some results and methods established for the discrete alloy-type model in Chap- 
ter 3 and 4 can also be applied for the continuous analogue, the (continuous) 
alloy-type model with sign-changing single-site potential. We will introduce the 
alloy- type model in Section B.l. 

In Chapter 4 we proved a Wegner estimate for the discrete alloy-type model 
with exponentially decaying singe-site potentials. The methods used in the proof 
also apply to proof a Wegner estimate for the alloy-type model with a single- 
site potential of a so-called generalized step function type. This is worked out 
in detail in Section B.2. The result is based on a joint work with Norbert 
Peyerimhoff and Ivan Veselic, and has already been publishen in the preprint 
[PTV11]. 

In Section 3.5 we established a new method to conclude exponential local- 
ization from fractional moment bounds for the discrete alloy-type model with 
sign-changing single-site potentials. Let us emphasize that earlier techniques, 
see e.g. [AM93, Gra94, BMMNSS06, AEN+06], are only applicable in the case of 
non-negative single-site potentials. It turns out that the method from Section 
3.5 also applies for the alloy-type model. In Section B.3 we prove analogues of 
Proposition 3.29, Proposition 3.31 and Theorem 2.4 for the alloy-type model 
with sign-changing single-site potential. 

B.l. The alloy-type model 

The alloy-type model is given by the family of Schrodinger operators 
H u := H Q + V u , H := -A + V , u G ft, 
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on L 2 (R d ), where —A is the negative Laplacian, V a Z d -periodic potential, and 
V u denotes the multiplication by the Z d -metrically transitive random field 

V u {x) := ^2 u kU(x - k). 



Recall that the space Vt = x keZ d~R is equipped with the probability measure 
P(dw) = rifcgz d ^(d^fc), hence the sequence u> = (oJk)k&, d ma y be interpreted as 
a collection of i.i.d. random variables. We assume that Vo and V u are infinitesi- 
mally bounded with respect to A and that the corresponding constants can be 
chosen uniform in u G Q. Therefore, H u is self-adjoint (on the domain of A) 
and bounded from below (uniform in w G fi). 

Recall that any real-valued function on R d that is uniformly locally LP, with 
p = 2 for d < 3 and p > d/2 for d > 4, is infinitesimally bounded with respect 
to the self-adjoint Laplacian A on W 2 ' 2 (R d ), see e.g. [RS80b, Theorem XIII.96]. 
This is satisfied for V u if U is a so-called generalized step-function. 

Definition B.l (Generalized step-function). Let L^(M. d ) 3 w > KX(-i/2,i/2) d 
with k > and p = 2 for d < 3 and p > d/2 for d > 4, where L^(M.) denotes 
the vector space of L P (IR) functions with compact support. Let u G 
A function of the form U : R d ->• R, 



C/(x) = u(k)w{x — k), 



is called generalized step-function and the function w : Z d — > R a convolution 
vector. 

Indeed, if C/ is a generalized step-function, then we have for any unit cube 
C c R d 



I \V UJ (x)\ p dx= I \Y^u k Y,u{l-k)w{x-l) 



p 

dx 



>c jc 

< o; + Cp||Tx||^i / |w(x — /)| p dx = w + c p ||-u||^i 



where w + = sup{|t| : t G suppp} and c p is some constant depending on p and 
the support of w. Note that the upper bound is uniform in oj G Q. Hence, if U 
is a generalized step-function, V u is infinitesimally bounded with respect to A 
and the corresponding constants can be chosen uniform in oo G fl 

The estimates we want to prove concern finite box restrictions of the operator 
H w . For I > and x G R d we denote by 

£j,x : ={y £ ^ : max - Xi| < /} 
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the open cube of side length 21 centered at x. Recall that Aj )X = {y E Z d : 
\x ~ y\oo < an d A; = A^o- We will use the notation €i = €i t o for the cube 
centered at the origin. For an open set € C M. d we denote by H<r the restriction 
of the operator to L 2 {€) with Dirichlet boundary conditions on d<£. For the 
resolvents we use the notations G 0J (z) = (H u — z)^ 1 and Gc(z) = (H<r — z)^ 1 
for z G C \ R. 

Remark B.2. Note that we have used the same symbol for the alloy-type model 
as well as for the discrete alloy-type model. In Appendix B, H u will always stand 
for the (continuous) alloy-type model. Note also, that the function u, which was 
used for single-site potential in the discrete setting, serves as a convolution vector 
to generate the (continuous) single-site potential U in form of a generalized step- 
function. 

B.2. Wegner estimate for the alloy-type model 

Our main result of this section is a Wegner estimate for the alloy-type model 
in the case where the single-site potential is a generalized step-function with 
an exponentially decaying convolution vector and where the measure v has a 
probability density of finite total variation. The space BV(R) of functions of 
finite total variation is defined in Section 4.1. 

Assumption (G). Assume that the measure v has a probability density p G 
BV(R), U is a generalized step-function and there are constants C, a > such 
that for all k G Z d we have 

K*0I < Ce- a|fc| \ 

Our main result in this section is the following theorem. 

Theorem B.3. Let Assumption (G) be satisfied. Then there exists C(U) > 
and Io G Nq both depending only on U , such that for any I G N and any bounded 
interval I = [E±, E 2 ] C R we have the estimate 

E(Tr{ Xl (H Cl ))) < e^C(£/)IHIvar|/|(2Z + l) 2d+ ^. 

A precise definition of Iq G Nq is given in Eq. (4.10). 

Remark B.4. Let us compare the result of Theorem B.3 to earlier ones of Wegner 
estimates for alloy-type models with sign-changing single-site potential. 

The paper [Klo95] concerns alloy- type Schrodinger operators on L 2 (W d ) with 
exponentially decaying single-site potential U . The main result is a Wegner esti- 
mate for low energies which is polynomially in the volume and Holder continuous 
in the length of the energy interval. 
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The paper [HK02] studies a class alloy-type models assuming that the single- 
site potential U is continuous and compactly supported. The obtained Wegner 
estimate is valid in a neighborhood of the infimum of the spectrum, linear in 
the volume and Holder continuous in the energy variable. 

In contrast to the results of [Klo95, HK02], the Wegner estimate from Theo- 
rem B.3 is valid on the whole energy axis. 

Let us now refer to the papers [Ves02, KV06, VeslOb] which are closely re- 
lated to the result presented in Theorem B.3. All three papers study alloy-type 
models with a single-site potential of a generalized step function form. The 
results apply also to the discrete alloy-type model, but we discuss here only 
the results obtained for operators on L 2 (M. d ). The paper [Ves02] establishes a 
Wegner estimate which is linear in the volume and linear in the length of the 
energy interval. It applies to the case where the convolution vector satisfies 

|u(0)|>5>(*)|. (B.l) 

fc^O 

The papers [KV06, VeslOb] consider the case where the convolution vector is 
compactly supported and satisfies 

s : 6 i-> s(0) := u ( k ) e ~ ik ' d does not vanish 011 [0, 27r) d . (B.2) 

Under this condition they prove a Wegner estimate which is linear in the volume 
and linear in the length of the energy interval. The result was obtained in 
[KV06] in one and two dimensions and generalized in [VeslOb] to arbitrary 
space dimension. The paper [KV06] includes also results in arbitrary dimension 
which we do not discuss here. Note that condition (B.l) implies condition (B.2), 
and if J2kez d = ^ then s(0) vanishes. 

Remark B.5. The Wegner estimate from Theorem B.3 is linear in the energy- 
interval length and polynomial in the volume of the cube. Moreover, the Wegner 
bound is valid on the whole energy axis. Hence one can prove localization via the 
multiscale analysis in any energy region where the initial length scale estimate 
holds. Since the single-site potential does not have compact support, one has 
to use an enhanced version of the multiscale analysis, see [KSS98]. 

For the proof of Theorem B.3 we use an abstract Wegner estimate established 
in [KV06], which is formulated in Theorem B.6. Theorem B.6 was stated in 
[KV06] for compactly supported U : M. d — > R only. However, the proof directly 
applies for non-compactly supported single-site potentials. Before we state the 
theorem, let us fix some notation. For an open set £ C M d , (£ is the set of lattice 
sites j G Z d such that the characteristic function of the cube £1/2 (j) does not 
vanish identically on C For j e Z d we denote by Xj the characteristic function 
of the cube £1/2 (j)- 
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Theorem B.6 ([KV06]). Assume there is a number l G N such that for arbi- 
trary I > Iq and every j G Ci there is a compactly supported tjj G R) such 
that _ 

tj >n (k)U(x — k) > Xj( x ) f or a ll x ^ 
Let further I = [E±, E 2 ] be an arbitrary interval. Then for any I > l 
E(Tr( X/ (// £( ))) < Ce^llpHvarl/l^ll^ll^, 

where C is a constant independent of I and I. 

Let Assumption (G) be satisfied. In Section 4.2 we showed that there are 
constants c u ^ and Jo £ (given in Eq. (4.10)), such that for each I G N 
there is a number Ri > (given in Eq. (4.13)) such that 

— kI ° u ( x ~ k )> 1 for a11 x e A i- ( B -3) 

This fact is proven in Proposition 4.6 and we will apply it for the (continuous) 
alloy-type model if U is a generalized step-function with an exponential decaying 
convolution vector u to verify the hypothesis of Theorem B.6. 

Proof of Theorem B. 3. Recall that U is a generalized step function and that w 
has compact support. Also recall, that for an open set € C M. d , <E is the set of 
lattice sites j G Z d such that the characteristic function of the cube £1/2 (j) does 
not vanish identically on <T. We set r = sup{|r| + 1 : w(r) 7^ 0}. Let l — 1 and 
tj,i G £\Z d ) given by 



(2k Io /(c u K) iike A Rl+r , 
1 else, 



for / G N and j G <£/. By Ineq. (B.3) (see also Proposition 4.6) we have for all 
I G N, j G <ti and x G €1 

Yl tjAk)U(x - k) = J2w(x-i) ^t u (k)u{i-k) 

ieZ d k£Z d 

> — w(x — i) + w(x — i) tjj(k)u(i — k) 

- w(x-i)> Xj(x). 
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Here we have used that w(x — i) = for x E Ci and i £ A/ +r . Hence the 
assumption of Theorem B.6 is satisfied. Analogous to the proof of Theorem 2.7 
on page 76 there is a constant C(U) depending only on the single-site potential 
U such that 

Y)\hiU <C(C/)(2Z + l) 2d+ IH 
This completes the proof by using Theorem B.6. ■ 

B. 3. Localization via fractional moments for the alloy-type 

model 

The fractional moment method, introduced for the discrete Anderson model in 
[AM93] was adopted to the (continuous) alloy-type model in [AEN+06, BdMNSS06]. 
The typical output of the fractional moment method for the alloy-type model 
on L 2 (R d ) is the following: There exists s E (0, 1), \i > 0, C < oo and I C R, 
such that for all open sets <£ C R d , all x,y E R d , all e > and all E E I we have 

e(\\ Xx (Ha -E- ie)"^!!') < Ce"""*-""-. (B.4) 

Here Xx denotes the multiplication operator in L 2 (€) by the characteristic func- 
tion of the unit cube £i/2, x - Note that Xx(H<r — E — ie) _1 x 2/ = if £i/2,x H £ or 
£i/2, y H € has measure zero. For x E R d we denote by 

1 1 ^ 1 1 oo — max |^z| 

i=l,...,d 

the supremum norm. The norm ||-|| on the left hand side of Ineq. (B.4) denotes 
operator norm in L 2 ((t). 

We refer to [AEN + 06] and [BdMNSS06] where such a fractional moment 
bound was shown under suitable conditions on the measure v and the single- 
site potential U. In particular, it is assumed that the single-site potential is 
non- negative. It is also well known that the bound (B.4) implies spectral and 
dynamical localization in I under appropriate assumptions on v and U, see 
[AEN + 06] and [BdMNSS06] for details. In particular, the non-negativity of the 
single-site potential U again plays a crucial role for the proof of this implication. 

In this section we show that the fractional moment bound as described in 
Ineq. (B.4) implies spectral localization for alloy- type models with sign-changing 
single-site potentials. Our main result of this section is the following theorem 
which is proven at the end of this section. 

Theorem B.7. Let := supp U be a bounded set, I C R be an interval and 

C, fi E (0, oo). Assume that for all I E 3N + 3/2, k E Z d , all x,y E A ijX , all 
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e G (0, 1] and all E & I we have 

E{\\ Xx G^ k (E + ie)xy\\ S ) <Ce-^K 

Then, for almost all u> G ft, exhibits exponential localization in I . 

For I > 3 and x G Z d we introduce the notation = \ (£j_i jX and 
^ = ^/3,n and denote by 

xTx=Xt^ and x g = X(t int 

the characteristic functions as well as the corresponding multiplication operators. 
For AcK d finite we denote by diamA = sup X J/€A ||x — y||oo the diameter of A 
with respect to the supremum norm. 

Definition B.8. Let m > 0, I > 3 and E G R. A cube Ci tX is called (m, E)- 
regular for uj G Q, if E £ ^(H^ x ) and 

llxr^(^)xgn<e- m/ . 

Proposition B.9. Let = supp U be a bounded set, I C R be a bounded 
interval, s G (0,1) and I > max{3, 8 ln(8)//x, — (8/5/x) ln(|/|/2)} where fi is the 
constant from assumption (i). Assume 

(i) There are constants C,fj, G (0, oo) such that for all k G 1, d , all E e I and 
all e G (0, 1] we have 

fnj There are constants Cw G (0, oo), /3 G (0, 1] and D G N snc/i i/ia£ /or a// 
x E Z d we have 

E(Tr Xl (H € J)<C w \lfl D . 

Then there is a constant F depending only on I , U, fi, C and Cw such that for 
all x, y G Z d with \x — yl^ > 21 + diam 6 + 1 we have 

¥({uj G Q: V£ G / : Cj )X or (fi/8,E)-rvgular}) > 1 - Fl d+D e~^ l/8 . 

Proof. By the same arguments as in the proof of Proposition 3.29 we infer from 
hypothesis (ii) that for each E G / and x G Z d the resolvent of f/^ at -E 1 is 
well defined for almost all u G f2. Hypothesis (i) and Lebesgues Theorem gives 
us for all E G J 

E(||x^^ fc (£;)xg|| S ) <Ce-f 



95 



B. Some results for the alloy-type model 



Fix x, y G Z d with \x — y\oo > 21 + diam© + 1. For u G £1 and k G {2;,?/} we 
define 

A* := G / : HxS^^^xgH > e^/ 8 }, 

A* := {E G I : ||x$^(£)x$ll > e ~ M ' /4 }> 
and B k :={coen: C({A k J) > e" 5 ^ 8 }. (B.5) 

Since the resolvent of k at E is not defined if E is an eigenvalue of k , let 
us emphasize that we want the eigenvalues of k to be included in the sets 
and A* , k G {re, y}. For u E B k we have 

> e -AiJs/4 e -5/iZ/8_ 

Using Hypothesis (i) and Fubini's theorem we obtain 

P(S fc ) < e 7 ^ 8 / / HxfcG^^^x^H^d^dE < C|/|e-^ 8 . 
J 1 Jn 

Set m = max{|inf I\, |sup/|} and denote for k E {x, y} by {£^,ifc}i=i the eigen- 
values of E~l l ' k within the interval B 2 (I) := {E G R: 3x G / : |x - £| < 2}. 
Note that the number of eigenvalues depends on 00 but satisfies the Weyl-bound 
Nk < Cwcyi|^,fc| md//2 for all to G with a constant Cweyi depending only on the 
single-site potential U and the distribution v, see e.g. [PF92]. We claim that 
for k G {x,y}, 

ueQ\B k =► A^c|jK, fc -^< fe + ^ (B.6) 

i=i 

where <5 = 2e _M/ / 8 . Indeed, fix u; G Q \ B k and suppose that G A* \ 
{El tk , . . . , with \E - El ik \ > 5 for some % G {1, . . . , iV fc }. It follows that 

||x° i fc t G £; fe ( J E)xl||| > e^/ 8 and for any E' ER with < 2e~ 5 ^/ 8 we have 

5 — \E — E'\ > e~^/ 8 > 2e~^ l / s since I > 8 In 8///. Moreover, the first resolvent 
identity and the estimate \\(H — 1 1 1 < dist(£', <j(H))~ 1 for self-adjoint H and 
E e£\a(H) implies 
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and hence, since E G A£ and / > 81n(8)//x, 

|| Xfc G^(£')xJ| > e-^ /8 - > e"^ 4 . 

We infer that [£ - 2e~^ l/8 ,E + 2e" 5 ^ /8 ] n I C A^ and conclude £({A^}) > 
2 e - 5 ^/8 since |J| > 2e _5 ^/ 8 by assumption. This is however impossible if u G 
Vl\B k hy (B.5), hence the claim (B.6) follows. 

Now we want to estimate the probability of the event B res := {u G f2 : 
I H I u ,x(fi) !"! Iui,y{$) 7^ 0} th & t there are "resonant" energies for the two box 
Hamiltonians and ffj;^. For this purpose, we denote by A' lx the set of 

lattice sites k G Z rf whose coupling constant influences the potential values 
in €i >x , i.e. A LjX = l)j e< r lx {k G Z d : U(j — k) ^ 0}. Notice that the expectation 
in hypothesis (ii) may therefore be replaced by Ea; x - Moreover, since 6 is a 
bounded set and \x — > 21 + diamO + 1, the operator H £l and therefore 
the interval I u>y (S) is independent of k G AJ X . Analogously to the proof 
of Proposition 3.29 we use the product structure of the measure P. We denote 

09W = (wi,W 2 ) G ^AJ X ^Z d VM all< ^ ^ OT eaC k W2 ^ ^ d \AJ we se ^ -Brcs^) = 

{u)i G ^a;^: (wi,w 2 ) G -B rcs }- Since H £ly is independent of c^, k G AJ , we 
obtain for any cu 2 G ^z d \A; using Chebyshev's inequality and Hypothesis (ii) 
that 

Ny 

F A[x (B res M) < E p Aj„(K e : ^(X/n^-M.Ea.^^..)) > i}) 

i=l 

Ny 

- Yl Ea U ( Tr {Xln[E^ y -28,E^ y +2S] (H £l j)) 
i=l 

< N y C w (45fl D < C Weyl \€ l:y \m d / 2 C w (A5fl D . 

Fubini's theorem now gives 

P(5 rcs ) < C Wcyl \€ l:y \m d ^C w (A5fl D . 

Consider now an u ^ B x U B y . Recall that (B.6) tells us that AJ C I u ,x($) an d 
A^, C I Wj y{8). If additionally oj £ B TCS then no E G / can be in A^ and A^, 
simultaneously. Hence for each Eel either <L^ X or £ ijy is (/i/8, E) -regular. A 
contraposition gives us 

P({3£ G /, and is (///8, ^-singular}) < P( J B X ) + P( J B„) + P( J B reB ) 
< 2C|/|e-^/ 8 + C w ^ 1 C w m d / 2 (4<J)' J 2 <i Z D+d , (B.7) 

from which the result follows. ■ 
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Assumption (ii) from Proposition B.9 is a Wegner estimate. The next lemma 
shows that a certain a-priori estimate on averaged fractional moments of the 
Green function implies such a Wegner estimate. 

Lemma B.10. Let I C R be a bounded interval, s G (0, 1), C G (0, oo), fc G Z d 
and IeN+1/2. Assume that for all e G (0, |/|] ; E <E I and x, y G 

E(|| x ^ fc (£ + ie) X J s ) <C. 

T/ien i/iere a constant C\y depending only on U , v , I and C such that for all 
[a, b]cl 

E(Tr XM (# £ J) < C w (2l + - a| s . 

Proof. Set m = max{|inf I\, |sup/|} and let [a,b] C I. Since we have for any 
AGRand0<e<6-a 

/A-a\ A-6\ 7T 

arctan I — - — J - arctan I — — J > - X[o,6](A), 

one obtains an inequality version of Stones formula, namely for all e G (0, 6 — a] 
and all ^ G £ 2 (A) we have 

(V>,X M (# £i ,jV> <~ [ lm^,G c , k (E + ie)^)dE. 

Let B u be the set of normalized eigenfunctions corresponding to the eigenvalues 
of H w ' in /. Note that for all oj G f2, the number of elements in is bounded 
from above by C-w ey i\£i iX \m d / 2 =: N with Cw ey i depending only on U and v, see 
e.g. [PF92]. Using triangle inequality, \\mz\ < \z\ for z G C, Fubini's theorem 
and K^Ge^^ + ie)^)! 1 " 8 < dist(o-(// £i J, E + ie) 8 ' 1 < 6 s " 1 we obtain for all 
e G (0,6- a] 



(Tr XM (tf £ J) <e(£ ~ f hnfaG^E + u-WdE) 

^ E (SL ||G ^ (£+,e)ird£ ) 



< 



Ne 3 ' 1 



tt/4 



E(||G^(£; + ie)|| s )d£;. 



[o,6] 

We now use / G N+l/2 and obtain by covering <£i iX with unit cubes the estimate 
\\G €lx (E + ie)|| < Ex.ygA^ IIXxC^^-B + ie)x y II • We use further the estimate 
E a «) s < S a n f° r s e (0) 1) an d a« > and obtain by using the hypothesis of 
the Lemma 

E(Tr XM (^ fc ))<-— £ / E(|| X ,G^(E + i e ) Xfe || s )dE 



98 



B.3. Localization via fractional moments for the alloy-type model 



< 47r~V- 1 iV|A^| 2 |&-a|C 

< Air~h s ~ l C^ cy ^ k \m d l 2 \\ k \ 2 \b - a|C. 

We minimize the right hand side by choosing e = b — a and obtain the statement 
of the lemma. ■ 

Proof of Theorem B.7. First consider the case where |/| < 1. In order to prove 
the theorem we first verify the hypothesis of Proposition B.9. Let / G 3N + 3/2 
and k G Z d . Note that £yi and can be covered exactly by unit cubes. By 
assumption we have 

E(iixr^(^+ ie )xSir) < E E E (ii^ fc (E+i6)x,ii s ) 

zeA ;ife \A ; _ lifc j/eA !/3jfc 
< 2d(2l) d '\2l/?>) d Ce-^ 1 - 1 -^ 
= 2d{2i) d - 1 {2l/3) d Ce l *e-% 1 

Hence the hypothesis (i) of Proposition B.9 is satisfied with an /-dependent 
constant C. In view of Ineq. (B.7) we see that this volume dependence does not 
change the statement of Proposition B.9 in a quantitative way. Hypothesis (ii) 
of Proposition B.9 is satisfied by Lemma B.10 since |/| < I. Since I G 3N + 3/2 
and k e Z d were arbitrary, we infer from the conclusion of Proposition B.9 that 
for any p > there is an /, such that for all I G 3N + 3/2 with / > / and all 
x, y G TL d with \x — y|oo > 21 + diam6 + 1 we have 

¥{{u ett-.VEel : €i, x or is (ji/12, E)-regular}) > 1 - r 2p . (B.8) 

Roughly speaking, Ineq. (B.8) is the typical output of the multiscale analysis. 
That Ineq. (B.8) implies exponential localization is a well known fact. For the 
classical Anderson model on Z rf this was implemented in [vDK89]. For the case 
of alloy-type models with a single-site potential supported on the unit cube 
we refer to [StoOl]. A generalization to models with a bounded support of the 
single site-potential is straightforward, cf. Theorem 3.33. For the non-compactly 
supported case, including our model as a special case, this implication was 
shown in [KSS98]. In particular, all the mentioned papers consider models with 
a non-negative single-site potential. However, the assumption that the single- 
site potential is non-negative is not used, and so the existing proofs of this fact 
apply directly to our setting. Hence, we obtain for almost all u> G Q that H w 
exhibits exponential localization in /. 

In the case where \I\ > 1, we can cover / by countable many intervals with 
length smaller or equal one. Since a countable intersection of sets with measure 
one has full measure, we obtain the statement of the theorem. ■ 
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We consider a family self-adjoint operators H u : £ 2 (Z d ) — y £ 2 (Z d ) given by 

H u = -A + Wu, co en. 

Here A denotes the discrete Laplacian and V u is a multiplication operator by 
the function 



and A > measures the strength of the disorder. We assume that u> = (uik)kei d 
is a sequence of independent identically distributed random variables, each dis- 
tributed according to a probability measure v on R with compact support, and 
the single-site potential u is a function in £ 1 (Z d ;M). The family of operators 
Hu, oj G f2 = x fc6Z dR, is called discrete alloy- type model. We also consider the 
continuous analogue of the discrete alloy-type model, the alloy-type model, and 
use with some abuse of notation the same symbol H w . Here the Hilbert space is 
replaced by L 2 (R), A denotes the Laplace operator and the fuction u is replaced 
by a function U from R d to M. A precise definition of the models can be found 
in Section 2.1 and B.l. 

The key feature of both models is that the single-site potential is allowed to 
change its sign. As a consequence, the random operators depend, in the sense 
of quadratic forms, non-monotonically on the random parameters. However, 
the existing methods (multiscale analysis and fractional moment method) for 
studying localization phenomena of random operators strongly rely on the fact 
that the operator depends monotonically on the random parameters. For this 
reason one has to develop further the methods in order to prove localization 
despite of the lack of monotonicity. 

Concerning the discrete alloy-type model we have the following theses. 

(1) [Regularity properties] Localization for random operators on £ 2 (Z d ) where 
the potential values are not independent have been studied earlier in the 
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literature by imposing certain regularity assumptions on the joint distribu- 
tion of the random potential values [AM93, vDK91, AG98, HunOO, ASFH01, 
Hun08]. These regularity assumptions are not satisfied for the discrete alloy- 
type model in general. 

(2) [Deterministic spectrum] The spectrum of the discrete alloy-type model 
is almost surely a non-random set. The same holds true for the spectral 
components (i.e. pure point, absolutely continuous and singular continuous 
spectrum). This holds also true for the alloy-type model. 

(3) [The deterministic spectrum is an interval] Let supp v be a bounded 
interval. Then the spectrum of the discrete alloy-type model is almost surely 
an interval. 

(4) [Exponential localization] Assume that = suppw is a finite set, the 
measure v has a density p G L°°(R), and the function u satisfies u(k) > 
for all k at the boundary of (we call this Assumption (C)). Let further A 
be sufficiently large. Then the spectrum of the discrete alloy-type model is 
almost surely only of pure point type and the eigenfunctions corresponding 
to the eigenvalues decay exponentially. 

For the proof of exponential localization for the discrete alloy-type model we 
use the fractional moment method. The concept of this method is to control 
the expectation value of fractional powers of the Green function G u (z',x,y) = 
(S x , (H w — z)~ 1 5 y ) or the finite volume Green function G\(z; x, y) = (S x , (Ha — 
z)~ 1 8 y ), where A C Z, d is a finite set and Ha denotes the natural restriction of H u 
to I 2 (A). The main goal of the method is to show the so-called fractional moment 
decay from which exponential localization follows by separate arguments. 

(5) [Fractional moment decay] Let Assumption (C) be satisfied and A be 
sufficiently large. Then the discrete alloy-type model satisfies a so-called 
fractional moment decay. This means that averaged fractional powers of 
the Green function decay exponentially. 

(6) [Fractional moment decay implies exponential localization] Let 

be a finite set. Then the fractional moment decay implies exponential lo- 
calization, i.e., the discrete alloy-type model has almost surely only pure 
point spectrum and the eigenfunctions corresponding to the eigenvalues de- 
cay exponentially. Let us note that this implication does not rely on the 
assumptions that the single-site potential has fixed sign at the boundary of 
its support and that the measure v has a density. 

For a proof of the fractional moment decay one typically first shows the bound- 
edness of an averaged fractional power of Green's function, called the a priori 
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bound. Via a decoupling argument one then shows the so-called finite volume 
criterion from which the fractional moment decay follows directly in the case of 
sufficiently strong disorder using the a priori bound. 

(7) [A priori bound] If Assumption (C) is satisfied, the expectation value of 
fractional powers of the Green function is bounded, where the expectation 
is only taken with respect to finitely many random variables. Moreover, the 
upper bound depends in a quantitative way on the disorder parameter A, 
and the bound gets small if the disorder gets large. 

(8) [Finite volume criterion] The discrete alloy type model satisfies a finite 
volume criterion if Assumption (C) is satisfied. This is a criterion which 
permits us to conclude fractional moment decay from some boundedness 
condition of the finite volume Green function. 

There is an alternative a priori bound to the a priori bound from theses (7). 
However, it is not applicable to show a finite volume criterion, since the average 
over the randomness is non-local. 

(9) [Another a priori bound] Let G be a finite set and u {k) 0- Then the 
expectation value of fractional powers of the finite volume Green functions 
is bounded uniformly in the volume, and the bound gets small if the disorder 
gets large. 

If one pursues a proof of exponential localization not via the fractional moment 
method but using the multiscale analysis, then there is a need for a Wegner esti- 
mate. A Wegner estimate is an estimate on the expected number of eigenvalues 
of a finite volume operator in some energy interval I. 

(10) [Wegner estimate, discrete alloy-type model] Let the measure v have 
a density p of finite total variation and that u decays exponentially. Then 
the discrete alloy-type model satisfies a Wegner estimate. This Wegner 
estimate is suitable for a proof of localization according to the multiscale 
analysis. 

Let us now switch from the discrete alloy-type model to the alloy-type model 
on L 2 (M. d ) with sign-changing single-site potential. In analogue of theses (10) 
and (6) we have the following. 

(11) [Wegner estimate, alloy-type model] Assume that the measure v has a 
density p of finite total variation and U is a generalized step-function with 
an exponentially decaying convolution vector. Then the alloy-type model 
satisfies a Wegner estimate. This Wegner estimate can be used for a proof 
of localization via multiscale analysis. 
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(12) [Fractional moment decay implies exponential localization] Con- 
sider the alloy-type model with a single-site potential of compact support. 
Then the typical fractional moment decay implies exponential localization. 
Note that there is no additional assumption on the measure v and that the 
single-site potential may change its sign arbitrarily. 
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